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Abstract 

For an infinite dimensional Lie group G modelled on a locally convex 
Lie algebra g, we prove that every smooth projective unitary represen¬ 
tation of G corresponds to a smooth linear unitary representation of a 
Lie group extension G 1 * of G. (The main point is the smooth structure 
on GK) For infinite dimensional Lie groups G which are 1-connected, 
regular, and modelled on a barrelled Lie algebra g, we characterize the 
unitary g-representations which integrate to G. Combining these results, 
we give a precise formulation of the correspondence between smooth pro¬ 
jective unitary representations of G, smooth linear unitary representations 
of G®, and the appropriate unitary representations of its Lie algebra g**. 
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Introduction 

The state space of a quantum mechanical system is described by the projective 
space P (H) of a Hilbert space H. If a topological group G is a symmetry group 
of this system, then, if G is connected, we have a homomorphism p: G —> PU(7t) 
into the projective unitary group of H, i.e., a projective unitary representation 
of G. The natural continuity requirement for a projective representation is that 
all its orbit maps are continuous. This is equivalent to continuity of the action 
of G on P (H), and to continuity of jo with respect to the quotient topology on 
PU(7t) = U("H) S /T1, where U("H) S denotes the unitary group endowed with the 
strong operator topology ( |Ri79l . |Nel4] l. Since U(7t) s is a central topological 
T-extension of PU("H), we can always pull this extension back to G to obtain 
a central T-extension G^ of G in the topological category, and a continuous 
unitary representation tt: G^ —> G lifting the projective representation n. In this 
context, the classification of projective unitary representations of G breaks up 
into two parts: determining the group Ext top (G,T) of all topological central T- 
extensions G ** of G, and classifying the unitary representations of the individual 
central extensions GK This strategy works particularly well if G is a finite 
dimensional Lie group, because then G^ always carries a natural Lie group 
structure ( 4Ba54l lVa85j 1. On the Lie algebra level, it now suffices to study 
(infinitesimally) unitary representations on pre-Hilbert spaces and to develop 
criteria for their integrability to groups; see jNel69| for some of the most powerful 
criteria in this context. 

In this paper, we want to address these issues in a systematic way for infinite 
dimensional Lie groups, more precisely, for Lie groups G modelled on a locally 
convex topological vector space. Because the topological group U (7i) s does not 
carry a Lie group structure, one traditionally deals with these groups simply 
as topological groups, using the exponential function exp: g —> G only as a 
means to parametrise one-parameter subgroups of G (cf. }Wa98] . [Lo94j . [Se8l0 . 
By Stone’s Theorem, one-parameter subgroups of U (TL) S correspond to skew- 
adjoint, possibly unbounded operators on "H, so that every continuous unitary 
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representation p\ G —>• U('H) gives rise to a family d p(£), £ & 0, of skew-adjoint 
unbounded operators with different domains T>^. 

This context is not quite suitable for Lie theory though, because due to 
possible domain issues, one may not get a representation at the infinitesimal 
level. In order to obtain a Lie algebra representation, it is natural to require 
that the representation (p, T~L) be smooth , in the sense that the space hi 00 of 
vectors with a smooth orbit map is dense in T-L. This ensures that dp becomes a 
Lie algebra representation on the dense common domain 77°°, and with that, the 
full power of Lie Theory, including infinitesimal methods, becomes available. For 
finite dimensional Lie groups, smoothness follows from continuity by Garding’s 
Theorem |Ga47l . but this is no longer true for infinite dimensional Lie groups 
(' [BN08lFNel0b| l. For those, smoothness has to be imposed as an extra technical 
condition, justified by virtually all important examples. In the same vein, we 
define a projective unitary representation p: G — > PU(H) to be smooth if the 
set of rays with a smooth orbit map is dense in P (T-L). 

The central results of this paper are the following: 

• If G is a Lie group (modelled on an arbitrary locally convex vector space), 
then every smooth projective unitary representation of G corresponds to 
a smooth unitary representation of a central Lie group extension G® of G 
('Theorem 14.31) . The nontrivial point here is that G ** is not just a topolog¬ 
ical group, but a locally convex Lie group. 

• For Lie groups G that are 1-connected, regular, and modelled on a bar¬ 
relled locally convex space, we characterise which unitary representations 
of its Lie algebra 0 are integrable to a group representation in terms of ex¬ 
istence and smoothness of solutions to certain linear initial value problems 
(Theorem 13.271) . 

• We clarify the correspondence between smooth projective representations, 
unitary representations of the corresponding central extensions, and the 
corresponding data on the Lie algebra level in terms of suitable categories 
fTheorem 17.31) . with due care for the appropriate intertwiners. 

We now describe our results and the structure of the paper in more detail. 
In Section |T] we introduce Lie groups modelled on locally convex spaces and 
in particular the notion of a regular Lie group. In Section [2j we introduce the 
appropriate notions of smoothness and continuity for unitary and projective 
unitary representations of locally convex Lie groups. 

The original part of this paper starts in Section 0 where we discuss the 
passage back and forth between smooth unitary representations of a locally 
convex Lie group G with Lie algebra 0 (the global level), and the corresponding 
unitary representations of 0 on a pre-Hilbert space (the infinitesimal level). A 
key observation is that a smooth unitary representation (p, hi) of a connected Lie 
group G is always determined uniquely by the derived representation of 0 on the 
space of smooth vectors. We give a short and direct proof in Proposition [331 A 
much harder problem is to characterise those unitary Lie algebra representations 
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(■7T, V) which can be integrated to a smooth group representation. The main 
idea here is to equip V with two locally convex topologies derived from n, the 
weak and the strong topology, which are finer than the norm topology of the 
pre-Hilbert space V. The advantage of these topologies on V is that unlike 
the norm topology, they make the infinitesimal action g x V —> V, defined by 
(£,i/>) l— t 7 r (£)V’i into a sequentially continuous map (Lemma 1.3.lip . Although 
this map is continuous for Banach-Lie groups, this fails in general for Frechet- 
Lie groups. If ( 7 r, V) is the derived g-representation of the smooth unitary 
G-representation (p, H), then it is regular in the sense that, for every smooth 
curve £: [0,1] —► g and ip GV, the initial value problem 

±ip t = 7T (£ t )V>t, ipo = ip 

has a smooth solution (in the weak or strong topology on V, which is a stronger 
requirement than having a solution in the norm topology!), and tpi depends 
smoothly on £ G G°°([0,1], g) with respect to the topology of uniform conver¬ 
gence of all derivatives. The main result of Section [3] is Theorem 13.271 which 
states that for regular, 1-connected Lie groups G with a barrelled Lie algebra g, 
a unitary g-representation is integrable to a G-representation if and only if it is 
regular. Along the way, we prove that if (p, H) is a smooth unitary representa¬ 
tion of a Frechet-Lie group G, then its space Ti 00 of smooth vectors is complete 
with respect to both the weak and the strong topology (Proposition ^. 1911 . Suffi¬ 
cient criteria for regularity have been developed for various types of Lie algebras, 
such as loop algebras and the Virasoro algebra, in 1TL991 . 

In Section [Tj we introduce the concept of a smooth projective unitary rep¬ 
resentation p: G —> PU(%) of a locally convex Lie group G. We show that any 
such representation gives rise to a smooth unitary representation of a central 
Lie group extension G^ of G by the circle group T, and hence to a represen¬ 
tation of the central Lie algebra extension g® of g. This general result sub¬ 
sumes various weaker results and ad hoc considerations ( [NelOaj , [PS861 , ISe811 , 
|Mc85i IMc891 ) and applies in particular to many important classes of groups, 
such as loop groups, the Virasoro group, and restricted unitary groups. This 
breaks the problem of classifying smooth projective unitary representations into 
two smaller parts: determining the relevant central Lie group extensions G^ of 
G by T (cf. |Ne02| l. and classifying the unitary representations of the individual 
central extensions GK In |JN15j . we use this strategy for the classification of 
projective unitary positive energy representations of gauge groups. 

In Section 0 we refine the techniques used in [NelObl INel4| to provide 
effective criteria for the smoothness of a ray [ip\ G P("H), and to determine the 
structure of the subset P (71)°° of all smooth rays as a union of subsets ViVj ), 
where (Vj)j G j are mutually orthogonal subspaces of T~L. In particular, this 
shows that for smooth projective representations, the dense set of smooth rays 
is a projective space. 

The Lie algebra extension g® —> g of the central T-extension G® —>■ G is 
a central extension of g by R, hence determined by a cocycle ui: g x g —>• R. 
In Section El we describe the Lie algebra cocycles in terms of smooth rays, 
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and formulate necessary conditions for a Lie algebra cocycle to come from a 
projective unitary representation. One is the existence of an equivalent cocycle 
which is the imaginary part of a positive semi-definite hermitian form on gc 
(Proposition 16.61) . 

In Section |T] we formulate the correspondence between smooth projective 
unitary representations of G, smooth unitary representations of G**, and the 
corresponding data on the Lie algebra side in terms of suitable categories, i.e., 
taking intertwiners into account. 

In Section [51 we briefly discuss the special case where the Lie group under 
consideration is a semidirect product G xi a R. This setting, especially with R = 
K., is frequently encountered in the representation theory of infinite dimensional 
Lie groups, in particular for loop groups and gauge groups (cf. SPS 86 1 IJN15] h 
For R = T or R = R, we thus encounter Lie algebras of the form g xi r> K, where 
D : g —i > g is a continuous derivation. Such a derivation is called admissible if its 
kernel and cokernel split in a natural way, a requirement automatically fulfilled 
for R = T. In Section [5] we show how the admissibility of D can be used to 
compute H 2 ( g »cl,l) in terms of D-invariant cocycles on g. We further show 
that the Stone-von Neumann Theorem implies that cocycles on g xi jj R arising 
from projective positive energy representations lead to D- invariant cocycles on g. 

Section [10] concludes this paper with a discussion of projective unitary repre¬ 
sentations for three classes of locally convex Lie groups: abelian groups, whose 
central extensions are related to Heisenberg groups; the group Diff(§ 1 ) + of ori¬ 
entation preserving diffeomorphisms of the circle, whose central extensions are 
related to the Virasoro algebra; and twisted loop groups, whose central exten¬ 
sions are related to affine Kac-Moody algebras. 

Notation and terminology 

We denote the unit circle (zGC: |z| = 1} by S 1 if we consider it as a manifold, 
and by T if we consider it as a Lie group. The exponential function exp: K. —>■ T 
is given by exp (t) = e 27rl< with kernel Z. For a complex Hilbert space R, we take 
the scalar product (•, •) to be linear in the second argument. The projective 
space is denoted P (R), and we write [ip\ := Ctp for the ray generated by a 
nonzero vector %p G R. We denote the group of unitary operators of R by 
U (R), and write PU('H) := V(R)/T1 for the projective unitary group. The 
image of U G U (R) in PU('H) is denoted U. Locally convex vector spaces are 
always assumed to be Hausdorff. 

1 Representations of locally convex Lie groups 

In this section, we introduce Lie groups modelled on locally convex spaces, or 
locally convex Lie groups for short. This is a generalisation of the concept of a 
finite dimensional Lie group that captures a wide range of interesting examples 
(cf. |Ne06j for an overview). 
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1.1 Smooth functions 

Let E and F be locally convex spaces, U C E open and /: U —> F a map. Then 
the derivative of f at x in the direction h is defined as 

dhf{x) := lim ^(f(x + th) - f(x)) 

whenever it exists. We set Df{x)(h) := dhf(x). The function / is called 
differentiable at x if Df(x)(h ) exists for all h £ E. It is called continuously 
differentiable if it is differentiable at all points of U and 

Df:UxE—tF, (x,h) Df(x)(h) 

is a continuous map. Note that this implies that the maps Df(x) are linear (cf. 
[GN151 Lemma 2.2.14]). The map / is called a C k -map , k € N U {oo}, if it is 
continuous, the iterated directional derivatives 

D J f{x)(hhj) := (d hj ■ ■ ■ d hl f)(x) 

exist for all integers 1 < j < fe, x £ U and hi,.... h :] £ E , and all maps 
Di f: U x E^ —» F are continuous. As usual, C°°-maps are called smooth. 

1.2 Locally convex Lie groups 

Once the concept of a smooth function between open subsets of locally convex 
spaces is established, it is clear how to define a locally convex smooth manifold 
(cf. iNiilfil . ION15I L 

Definition 1.1. (Locally convex Lie groups) A locally convex Lie group G is a 
group equipped with a smooth manifold structure modelled on a locally convex 
space for which the group multiplication and the inversion are smooth maps. A 
morphism of Lie groups is a smooth group homomorphism. 

We write 1 £ G for the identity element. Its Lie algebra g is identified with 
the tangent space Ti(G), and the Lie bracket is obtained by identification with 
the Lie algebra of left invariant vector fields. It is a locally convex Lie algebra 
in the following sense. 

Definition 1.2. (Locally convex Lie algebras) A locally convex Lie algebra is a 
locally convex space g with a continuous Lie bracket [•,•]: g x g —>• g. Homo- 
morphisms of locally convex Lie algebras are continuous Lie algebra homomor- 
phisms. 

The right action R g : h > hg of G on itself induces a right action on T(G), 
which we denote (v,g) i v ■ g. 

Definition 1.3. (Logarithmic derivatives) For a smooth map 7 : M —> G, the 
right logarithmic derivative 5 R "f: TM —>• g is defined by 

<5^7 := T7.7- 1 , i. e ., (S R ^){v m ) = T m ("/)v m ■ 'y{m)~ 1 . 
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If x is a coordinate on M, we will often write 5^ 7 instead of Sq 7. The 
logarithmic derivative satisfies the Maurer-Cartan equation 

T„^ 7 -TX7 = [6,Ci (1) 

The notion of a regular Lie group, introduced by Milnor [Mi84j . is especially 
useful if one wishes to pass from the infinitesimal to the global level. Regularity 
is satisfied by all major classes of locally convex Lie groups INe06j . 

Definition 1.4. (Regularity) A locally convex Lie group G is called regular if 
for every smooth map £: [ 0 ,1] —>• g, the differential equation 

s?'Y=m 

with initial condition 7 ( 0 ) = 1 has a solution 7: [0,1] —>• G and 7 ( 1 ) depends 
smoothly on £. If such a solution exists, then it is automatically unique jNe06t 
11.3.6(c)], 

Since the emphasis in the present paper is more on the global level and on 
the passage from the global to the infinitesimal level, the majority of our results 
will not require regularity. 


2 Projective unitary representations 

We introduce the appropriate notions of smoothness and continuity for unitary 
and projective unitary representations of locally convex Lie groups. 

2.1 Unitary representations 

Let G be a locally convex Lie group with Lie algebra g. A unitary representation 
(p, H) of G is a group homomorphism p: G —> U (H). 

Definition 2 . 1 . (Continuous and smooth vectors) A vector ip e H is called 
continuous if its orbit map G —>■ H,g H^ p(g)ip is continuous, and smooth if 
its orbit map is smooth. We denote the subspaces of continuous and smooth 
vectors by H c and H°°, respectively. 

Definition 2 . 2 . (Continuous and smooth unitary representations) A unitary 
representation is called continuous if H c is dense in H, and smooth if H°° is 
dense in H. 

Remark 2.3. (Smoothness is stronger than continuity) Clearly, every smooth 
unitary representation is continuous. For finite dimensional Lie groups, the 
converse also holds: every continuous unitary representation is automatically 
smooth (cf. (Ga47j ). For infinite dimensional Lie groups, however, this converse 
no longer holds; there exist unitary representations of Banach-Lie groups that 
are continuous, but not smooth (cf. : BN081 . [i Nef'Ob] ). 
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Remark 2.4. (Strongly continuous vs. norm continuous representations) Since 
the linear subspace Tj c C % is closed, a unitary representation is continuous if 
and only if 1-L C = Tj. This is equivalent to the continuity of p: G —> U (%) with 
respect to the strong operator topology , which coincides with the weak opera¬ 
tor topology on U('H). The norm topology on U {ji) is finer than the weak or 
strong topology. We call (p,H) norm continuous if p: G —> U {ji) is continuous 
w.r.t. the norm topology. Norm continuity implies continuity, but many inter¬ 
esting continuous representations, such as the regular representation of a finite 
dimensional Lie group G on L 2 {G), are not norm continuous. 


2.2 Projective unitary representations 

A projective unitary representation (]p, ji) of a locally convex Lie group G is a 
complex Hilbert space ji with a group homomorphism p: G —> PU(%). We call 
two projective unitary representations (p, ji) and (p , ,’H / ) unitarily equivalent if 
there exists a unitary transformation U: ji —> T-L' such that U o p(p) = p{g)' o U 
for all g £G. 

A projective unitary representation yields an action of G on the projective 
space F{H). Since P{ji) is a Hilbert manifold, we can define continuous and 
smooth projective representations. 


Definition 2.5. (Continuous and smooth rays) A ray [ip\ £ P (ji) is called 
continuous if its orbit map G —> P {H),g H > p{g)[ip\ is continuous, and smooth 
if its orbit map is smooth. We denote the sets of continuous and smooth rays 
by P (H) c and P(H)°°, respectively. 

Definition 2.6. (Continuous and smooth projective unitary representations) 
A projective unitary representation (p, ji) is called continuous if P("H) C is dense 
in "H, and smooth if P(%)°° is dense in Tj. 


Remark 2.7. (Topology of P(7f)) The topology of the Hilbert manifold P {%) 
is easily seen to be the initial topology w.r.t. the functions [V>] p([p] ;['*/’])> 

where 


p(M ; [V'D 


\ M )\ 2 

M 2 \m 2 


is the transition probability between [<p], [ i/j\ £ P [ji) when these are interpreted 
as states of a quantum mechanical system. This in turn agrees with the topology 
induced by the Fubini-Study metric d([ip\, [<p]) = arccos \/p([p] ; [ip]) f [Nel41 
Rem. 4.4(b)]). If [ip\ £ P (H) is continuous (smooth), then, for all [<p] e P (T-L), 
the transition probability p([p]; ’p(g)[4 ) ]) varies continuously (smoothly) with 
g&G. 


Remark 2.8. (Alternative characterisations of continuity) Since P (jh) c is closed 
|Nef41 Lemma 5.8], a projective unitary representation is continuous if and 
only if P {7i)c = P(%). We endow PU(%) = U(7f)/Tl with the pointwise 
topology derived from its action on P {Tj). This coincides with the quotient 
topology derived from the strong (or, equivalently, weak) topology on U (H) 
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}Nel41 Prop. 5.1], and a projective unitary representation is continuous if and 
only if the map jo: G —» PU('H) is continuous with respect to this topology. The 
quotient topology on PU(77) derived from the norm topology on U(77) is finer, 
and we call (p, 77) norm continuous if p is continuous w.r.t. this topology. 


3 Integration of Lie algebra representations 

In this section, we turn to the new material in this paper. We discuss the passage 
back and forth between smooth unitary representations of a locally convex Lie 
group G with Lie algebra g (the global level), and the corresponding unitary 
representations g on a pre-Hilbert space (the infinitesimal level). 

Subsection Id. II is devoted to the following key observation: a smooth unitary 
representation (p, 77) of a locally convex Lie group G is determined uniquely by 
its derived unitary Lie algebra representation (dp, 77°°) on the space of smooth 
vectors. In Subsection 13.21 we tackle the much harder question of finding nec¬ 
essary and sufficient criteria for unitary Lie algebra representations ( 7 r, V) to 
integrate to the group level. This culminates in Theorem 13.271 where we give 
such conditions in the context of 1-connected regular Lie groups modelled on a 
barrelled Lie algebra. 


3.1 Derived representations 


A representation ( 77 , V ) of a Lie algebra g is a complex vector space V with a 
Lie algebra homomorphism 7r: g — > End(V). 

Definition 3.1. (Unitary Lie algebra representations) A representation (77 V ) 
of the Lie algebra g is called unitary if V is a pre-Hilbert space and 7t(£) is 
skew-symmetric for all £ € g. A unitary equivalence between (jr, V ) and V') 

is a bijective linear isometry U: V —» V’ such that U 7t(£) = 7r'(£)f7 for all £ £ g. 
We denote the Hilbert completion of V by 77 v- 

If (p, 77) is a smooth unitary representation of a locally convex Lie group G, 
then its derived representation (dp, 77°°) is a unitary representation of its Lie 
algebra g. 

Definition 3.2. (Derived representations) If (p, 77) is a smooth representation 
of G, then its derived representation dp: g — > End (77 00 ) is defined by 


dp(£)V> := 


d_ 

dt 


p(7i)V>, 

£=0 


where 7 : R —> G is a curve with 70 = 1 and ^ 7 | t= o = £. 

Remark 3.3. (Selfadjoint generators) Suppose that G is regular (or, more 
generally, that G admits a smooth exponential function). Then we can take 
7 t = exp(t£) to be the solution of S t R j = £ starting in 1 . Since the closure of 
dp(£) coincides with the infinitesimal generator of the unitary one-parameter 
group 1 1 ->- p(exp(t£)), the operators i ■ dp(£) are then essentially selfadjoint (cf. 
fRS7%l Thm. VIII. 10]). 
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The derived representation dp carries significant information in the sense 
that it determines the restriction of p to Go, the connected component of the 
identity. 

Proposition 3.4. (Infinitesimal representations determine global ones) Let G 
be a connected locally convex Lie group with Lie algebra g. Then U: TL —>• TL 
is an isometric intertwiner between unitary G-representations (p, TL) and (p, TL) 
if and only if U |-^oo is an isometric intertwiner between the g -representations 
(dp,TL°°) and (d p,TL°°). In particular, ( p,TL ) is determined by (dp, TL 00 ) up to 
unitary equivalence. 

Proof. Let if G TL°°, and let 7 : [0,1] —>• G be a smooth curve with 70 = 1 and 
71 = g. If we define ■= d^ 71 in g = Ti (G), then we have 

^p(Tt)if = dp(^ t )p(7 t )^, 

^p(7t)f/V> = dp(f t )p(lt)Uip. 

Skew-symmetry of the operators dp(£ t ), combined with the identity dp(/ t )[7 = 
Udp(t;t) on TL 00 , then implies that the function 

fit) := {p{^t)U if, U p{jt)if) 

is constant because 

/'(f) = (dp(^ t )p(7t)17V>, Up(j t )ip) + (p('Yt)Uip,Udp((; t )p('y t )ip) = 0. 

Since /(1) = /(0) yields (p(g)Uif,Up(g)if) = {if,if), we have Up(g)if = p{g)Uif 
for all if G TL 00 by Caucliy-Schwarz. As TL 00 is dense in TL, this yields p(g)U = 
I pi//) on TL. ' ' ' ' □ 

3.2 Globalisation of Lie algebra representations 

The converse problem, existence and uniqueness of globalisations for a given 
unitary Lie algebra representation, is much harder. There is a functional an¬ 
alytic and a topological aspect to this question, in the sense that one can ask 
whether a given Lie algebra representation integrates to a local group represen¬ 
tation, and, if so, whether or not this extends to a global representation. Since 
the topological part is less relevant for projective representations, we now isolate 
the functional analytic part. 

For the integration problem, we will work in the context of regular Lie groups 
modelled on barrelled Lie algebras. 

Definition 3.5. (Barrelled Lie algebras) A locally convex Lie algebra g is called 
barrelled if every barrel (i.e. every closed, convex, circled, absorbing subset) of 
g is a 0 -neighbourhood. 

The distinguishing feature of barrelled spaces is that the Banacli-Steinhaus 
Theorem holds. Every locally convex Baire space is barrelled, so in particular, 
all Frechet spaces are barrelled. Products, Hausdorff quotients and inductive 
limits of barrelled spaces are barrelled, so in particular, LF-spaces are barrelled. 


10 



3.2.1 Weak and strong topology for LA representations 

Let ( 7 r, V) be a unitary representation of a locally convex Lie algebra g. In 
order to make headway with the integration of Lie algebra representations, we 
will need a topology on V for which the map g x V —> V, (£, ip) >->• 7 r(£)ip is 
sequentially continuous. Since the norm topology on V C %y, induced by the 
Hilbert space norm on My, is too coarse for this to hold even in the case of 
finite dimensional Lie algebras, we introduce two topologies on V, the weak and 
the strong topology, that do fulfil this requirement. 

Remark 3.6. (Notation) The unitary g-representation 7r: g —» End(H) extends 
to a ^representation of the universal enveloping algebra ZYc(g), equipped with 
the unique antilinear anti-involution that satisfies £* = — £ on g C lAr(g). It 
will be denoted by the same letter, 7 r: Uc (fl) —> End(V). In the same vein, we 
define the map 

tt„: g 11 ->• End(V), 7r„(£) := tt(£„) ... tt(£i) for £ = (£„,..., £ 1 ) € g". 

For n = 0, this is interpreted as the map on g° = R defined by 7 To(A) = 
Al, so that 7r n is the concatenation of 7r: Uc(q) End(H) with the n-linear 
multiplication map g" -4- Uc (g). 

Definition 3.7. (Continuous Lie algebra representations) We call (ir,V) con¬ 
tinuous if for all n e N and ip G V, the function : g" —>• Hy defined by 
4(€) := 7r n(^)V ) is continuous w.r.t. the norm topology. 

Remark 3.8. (Derived representations are continuous) If (p, H) is a smooth 
unitary representation of a locally convex Lie group, then is continuous, as 
it is the (restriction to g" of the) n th derivative at 1 £ G of the smooth function 
g p(g)ip. It follows that (dp, H 00 ) is continuous. 

The intuition behind the definition of the weak and strong topology on 
V is to think of ip £ K 00 as a ‘state’ crp: Uc{g) —» C on Uc(q), given by 
crp(A) = (ip,n(A)ip). The weak topology of V corresponds precisely to the 
weak-* topology on Uq(q), and the strong topology is loosely based on the 
topology of bounded convergence. 

Definition 3.9. (Weak and strong topology on V ) The weak topology on V is 
the locally convex topology generated by the seminorms 

P(:(ip) := ||7r n (£)V>|| for £ G g”,n € N. 

The strong topology on V is generated by the seminorms 

PbW ■= sup ||7r n (£)V’||, 

where B C g" runs over the bounded subsets of the locally convex spaces g™, 
and n runs over N. 
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Recall that for n = 0, we have g° = R and p\(ip) = |A|||^||, so that both the 
strong and the weak topology are finer than the norm topology of V C 'H v . As 
the name suggests, the strong topology is stronger than the weak topology. If we 
have the strong, weak, or norm topology on V in mind, we will call a convergent 
sequence in V ‘strongly’, ‘weakly’ or ‘norm’-convergent, and a a continuous map 
into V ‘strongly’, ‘weakly’, or ‘norm’-continuous. 

Remark 3.10. (Comparison with existing definitions) For Banach-Lie groups, 
the strong topology on the set 7i°° of smooth vectors coincides with the locally 
convex topology introduced in [NelObj for (not necessarily unitary) representa¬ 
tions of Banach-Lie groups on locally convex spaces. For finite dimensional Lie 
groups G, the weak and the strong topology coincide with each other, and with 
the usual topology on H°°, derived from the smooth compact open topology on 
C°°{G,%) and the embedding H°° C°°{G,'H) defined by p^(g) = p(g)ip (cf. 

|NelObl Prop. 4.6]). 

Example 3.11. (A smooth representation of M N ) Consider the abelian Lie 
group G = R n , whose Frechet Lie algebra M N is equipped with the product 
topology and the trivial Lie bracket. The unitary G-representation (p, £ 2 (N, C)) 
defined by {p(p)ip) n ■= e lVn ip n has the dense space "H 00 = of smooth 
vectors [NelObl Ex. 4.8], and the derived Lie algebra representation (dp, C^ N ^) 
is given by (d/>(£)^>)„ := i^ n ip n - The weak topology on is the locally 
convex topology generated by the seminorms p${ip) ■= \/EieN where 

£* = £*.■•£" if £ = (£*,. ■■>£”) € g n . This is precisely the locally con¬ 
vex inductive limit topology on i.e., the strongest locally convex topol¬ 
ogy such that all inclusions C" are continuous. Indeed, the opens 

B^{ 0) := {ip G CW ; p$(ip) < 1} that generate the weak topology are open 
for the locally convex inductive limit topology. Conversely, if U C is a 
convex 0-neighbourhood for the locally convex inductive limit topology, then 
for each i £ N, there exists an jy > 0 such that ip € U for all ip G Cej with 
IIV'II < Ti■ With £ 4 := 2 i+1 /?y, the inequality p^(ip) < 1 implies |2 l+1 ^>j| < n, so 
that the multiple 2 l+1 ipiei of the i th basis vector e* is an element of U. Since 
= EH .Q ipi e i is a convex combination of 0 and the vectors 2 l+1 ipiei, it is an 
element of [/, hence 0) C U and U is open for the weak topology. In this 
case, the strong topology yields the same result. 

Proposition 3.12. (Strong continuity 7r„(£)) For every £ G g n , the map 
7r„(£): V —> V is continuous for the weak as well as for the strong topology. 

Proof. For the weak topology, this follows from P£'(7r ra (£)?/>) = p^^(ip), where 
£'£ G Q m+n denotes the concatenation of £' G g m and £ G g™. For the strong 
topology, this follows from ps(7r n (£)^) = p Bx {£}W0> as B x {£} C g n+m is 
bounded for all £ G g m and all bounded sets B C g m . □ 

Although the norm topology on V is coarser than the weak and the strong 
topology, continuity of all maps ir'f : g n —> V w.r.t. the norm topology implies 
continuity w.r.t. the weak and strong topology. 
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Proposition 3.13. (Strong continuity tt%) If tv: g —> End(F) is continuous 
in the sense of Definition 13.71 then for every if & V and n G N, the map 
tt'* ■ 0c V * s s t ron 9ly (hence weakly) continuous. 

Proof. Let £ 0 G g m . Then norm-continuity of tt : g m+ " —> By implies that 
the map g n —>• Tty defined by ^ ^ 7r m (£ 0 )7r„(£)^> is norm-continuous. Since 
this is true for all fixed £ 0 G g m , 7r^ is weakly continuous. 

To show that it is even strongly continuous, consider the norm ps derived 
from the bounded set B C g m . For every e > 0, there exist open sets Uq C g m 
and PC g" such that £ 0 G C/ 0 and £ G E/ imply ||7Tm(£o) 7r ra(£)V’ll < £• Since 
B C XUq for some A > 0, we have ||7r m (£ Q )7r n (£)^|| < A m e for £ 0 G B, £ G U. 
Since nf) is n-linear, £ G \~ m t n U implies PB^tiO) < £• □ 

Lemma 3.14. (Sequential continuity of infinitesimal action) If n: g —>• End(V r ) 
is a continuous unitary representation of a barrelled Lie algebra g, then the map 
g x V —y V f (£, ijf) i—^ 7 t(£)^> Is sequentially continuous for the weak and strong 
topology. 

Proof. Let (^V’n) be a sequence in g x V converging weakly to (£oo , V’oo)• 
The maps : g — > V defined by Tr^ n (t)) := n^'tpn are weakly continuous 
by Proposition 13.131 and H := {7r^ n ; n G N} is bounded for the topology of 
pointwise convergence because for each fixed (Gg, 7r^"(£) converges to 7r(£)^oo 
by Proposition 13.121 By the Banach-Steinhaus Theorem f lBo50 , Thm. 1]), H 
is equicontinuous, so that lirn^oo tt(^oo — f,k)^n = 0 uniformly in n. It follows 
that lim^oo ir(£ n )ip n = lim^oo TT^^ipn, which equals Tr^^ipoo, again by 
Proposition 13.121 

If t (^ocV’oo) strongly, then one considers for each £ G g m the 

map 7i£ : g —> V defined by Trf n (0 = 7r m(C) 7r (C)V , n; strongly continuous by 
Proposition 13.131 For every bounded subset B C g m , the set 

H ■= {np ; n G N,£ G B} 

is pointwise bounded because for each fixed ( G 5, || 7r | n (C)|| < PBx{£}(V’n)> 
which, for n —> oo, approaches Pb x {{}(V’oo) by assumption. By the Banach- 
Steinhaus Theorem, H is equicontinuous, and 

lirn pb(tt(Coo - 60VVi) = 0 

k—t oo 

uniformly in n. Since limn^oo 'n’(£ 00 )ip n = ^(Coo^oo strongly by Proposi¬ 
tion [3TT2J it follows that tt( f, n )if>r. approaches 7r(^ 00 )'i/? 00 with respect to every 
seminorm pb ■ □ 

Remark 3.15. (Continuity of g x V —> V) If g is a Banach-Lie algebra, then 
both g and the strong topology on V are first countable, so that sequential strong 
continuity of the action map (£, if) i-> tt(!;)tP implies strong continuity. However, 
even for Frechet-Lie algebras g, the action (£,?/>) 7 r(£)^> can be sequentially 
continuous without being continuous. For example, the map {£,ip) <—> dp(£)V’ 
described in Example 13.111 is sequentially continuous by Lemma. 13.141 but it is 
not continuous w.r.t. any locally convex topology on V, cf. jNelOhl Ex. 4.8], 
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Lemma 3.16. (Continuous curves) Letir: g —>• End(P) be a continuous unitary 
representation of a barrelled Lie algebra g, let t ft be a continuous curve in 
g, and let and t H > ift be a strongly (weakly) continuous curve in V. Then the 
curve 1 1 ^ ^(f,t)A V is strongly (weakly) continuous. 

Proof. If t i —> Tr(ft)4 , t were not continuous in some point to, then it would be 
possible to find a sequence t n converging to to such that 7r(£„)^n does not 
converge to n((o)’ l Po-, contradicting Lemma 13.141 □ 

The following lemma holds for the weak and strong topology, but not for the 
norm topology - which was our main motivation to introduce the former two. 

Lemma 3.17. (C^-curves) Suppose that (n,V) is a continuous unitary repre¬ 
sentation of a barrelled Lie algebra g. Ift %j} t is a C 1 -curve in V for the strong 
(weak) topology, and t f t a C 1 -curve in g, then t n- 7 r(^t)A is a C 1 -curve in 
V for the strong (weak) topology, with derivative (£t)A = 7r (£' t )A + n (£t)At- 

Proof. Since g —>• V, £ 7r (f)A and 7r(£ t ): V —> V are continuous w.r.t. the 
strong and weak topology by Propositions 13.131 and 13.121 respectively, the first 
two terms on the r.h.s. of 

= £m7r(±(£ t+ / l -£ t ))V’t + l™i 0 7r(6) (j(A+h ~ A)) 

+ lim ^{Zt+h - Zt)(A+h - A) 

are 7r (f' t )A and 7r^ remains to show that the third term is zero. Since 
h i-» A+h — A is a strongly (weakly) continuous curve in V, and since the map 
defined by 0 i-> and h >->■ — £t) for h ^ 0 is a continuous curve in 

g, Lemma [3T6] implies that lim^o (£ t+h - f t ){A+h - A) = tt(^)(°) = °- 
Since ^Tr(f t )A = 7r (£t)' ! /’t+ 7r (£t)'0t; strong (or weak) continuity of the derivative 
follows directly from Lemma T3.161 □ 

The following product rule results from Lemma 13. 171 bv induction. 

Proposition 3.18. (Product rule) Suppose that A,V) is a continuous unitary 
representation of a barrelled Lie algebra g. Let t H > be a C n -curve in g, and 
let 1 1 ->- be a C n -curve in V for the strong (weak) topology, with n £ NU{oo}. 
Then t i —> ir(t;t)A a C n -curve in V for the strong (weak) topology, and for 
all k < n, we have 


The following completeness result for the space of smooth vectors will not 
be needed for the globalisation result towards which we are working, but is of 
general interest. 
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Proposition 3.19. (Completeness of TL°°) Let G be a regular Lie group mod¬ 
elled on a Frechet-Lie algebra g. Then for any smooth unitary G-representation 
(p, TL), the space TL°° of smooth vectors is complete for the weak (and hence for 
the strong) topology derived from the g-representation (d p,TL°°). 

Proof. Suppose that (ipa)aeS is a Cauchy net in TL°° for the weak topology 
derived from (dp, TL°°) (which is certainly the case if it is Cauchy for the strong 
topology). Then for each £ £ g n , the net d p n (£)ip a is Cauchy in TL, hence 
converges to some i/j£ £ TL in norm. We need to show that ifi is a smooth 
vector. Consider (£„,... , £ 1 ) £ g", and note that the limits ifi := lim^ a and 

'fe-a = hind p(f k ).. .dp(£i)V>a (2) 

exist in TL for 1 < k < n. Since G is regular, the map t p(exp(tf k )) is a 
continuous one-parameter group of unitary operators (w.r.t. the strong topology 
on U (TL)) whose selfadjoint generator X^ k restricts to —idp(f k ) on TL°°. In 
particular, the operators d p(£ k ) are closable, so existence of the limit Q and 
closedness of iX^ k implies ip£ h+1 ...£i = iX^ k+1 ip£ k ...£ 1 - One then proves by 
induction that ip£ n ...£ 1 = i n X^ n .. .X^ifi. 

In order to prove that ipx £ TL°°, we show that the map 

:g n ^'H 1 n^(£„,... ,Ci) := i n X u . ..X^ 

is n-linear and continuous. It is linear in each £*. because 

'-v.= lim sdp(f n ...f k . ..£i)ip a + lim tdp(£ n .. .£' k . ..fi)ip a 

K aEo aEo 

is the sum of two nets converging to S'0£ n ...£ fc ...£ 1 and tip^ n ^ We show that 
is separately continuous by means of a uniform boundedness argument. Let 
u a ■ g —> TL be defined by 

Wa(£) := dp(A)dp(f)dp(B)tf a where A = f n ... f k+1 , B = f k -i ■ ■ ■ £i 

are fixed elements of Mc(g). Since ifa £ TL°°, continuity of (d p,TL°°) (cf. Re¬ 
mark [3^1]) implies that the u a are continuous, and the set H := {u a ; a £ S} 
is pointwise bounded because for each fixed f £ g, the net u a {£) is norm- 
convergent. Since g is barrelled, the Banach-Steinhaus Theorem [Bo5Q[ Thm. 1] 
implies that H is equicontinuous; for every e > 0, there exists a 0-neighbourhood 
U C g such that f £ U implies \\dp(A)dp(f)dp(B)’i/j a \\ < e uniformly for all 
a £ S. It follows that for £ £ U, also the limit for a £ S satisfies ||^a-{.b|| < e. 

Since g is a Frechet space, separate continuity of the ro-linear map fimplies 
joint continuity |Ru91l . Thm. 2.17], so we may conclude from [NelObl . Lemma 
3.4] that ipi is a smooth vector, hence TL°° is complete. □ 

3.2.2 Regular Lie algebra representations 

Let G be a regular Lie group modelled on a barrelled Lie algebra g. We will 
show that a unitary Lie algebra representation ( 7 r, V) of g globalises to a smooth 
representation of the universal cover Go of the connected 1-component Go of G 
if and only if it is weakly or strongly regular in the following sense. 
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Definition 3.20. (Regular representations) We call a unitary Lie algebra rep¬ 
resentation ( 7 r, V ) strongly (weakly) regular if it is continuous (cf. Definition 13.71) 
and if for every smooth function £: [0,1] —» g, the differential equation 

(3) 

with initial condition ^\t=o = tfo has a smooth solution in V whose value in 1 
depends smoothly on the path £ £ C' oo ([0,1], g), where V is equipped with the 
strong (weak) topology (cf. Definition 13.91) . 

Remark 3.21. (Uniqueness of solutions) Solutions to (0 are automatically 
unique if they exist; if both ift and ift are solutions, then by continuity (hence 
smoothness) of (•, •) and skew-symmetry of 7r(£ t ), we have 

= (t r(£t)^t,^t) + (^i,7r(£ t )^t) = 0. 

Since \\if>t || 2 = HV’tll 2 = (V’t, V’t) holds for t = 0, it holds for all t, hence if t = if t . 

We first prove that all derived representations are regular. The first step is 
the following lemma, which reaches a slightly stronger statement than Proposi¬ 
tion 13.131 if 7r is derived from a group representation. 

Lemma 3.22. (Weak and strong continuity of orbit maps) If (p, H) is a smooth 
unitary representation of a locally convex Lie group G, then, for every if £ B°°, 
the map : g" x G —> H 00 given by p^(£, g) := dp n (£)p(g)i/j is both weakly and 
strongly continuous. 

In order to prove the ‘strong’ part of Lemma 13.221 we need the following 
proposition. 

Proposition 3.23. (C^-estimate) Let X and E be locally convex vector spaces, 
U C X open, k £ N, and f:Ux E k —> H a C 1 -map such that f(u, ■): E k —> H 
is k-linear for each u £ U. Then for each x £ U, there exists a continuous 
seminorm || • || p on X with Bp(x) C U, and a continuous seminorm || ■ || 9 on 
E such that 

\\f(y,&,■■■,&) -f(x,£ i,...,£ fe )|| < \\y — a;|| p ||£i||g ... ||£fc|| g (4) 

for all y £B X V (a:) and (£1 ,...,&) £ E k . 

Proof. This proposition, as well as its proof, is taken from 1(4107) Lemma 1.6(b)]. 
Since Df: (U x E k ) x (X x E k ) —>• H is continuous and Df(x , 0,0, 0) = 0, there 
exists a seminorm p on X such that the unit ball B^ ( x) around x is contained 
in U, and a seminorm q on E such that 

\\Df(y,(i,... ,^ k ,z,^,... ,i] k )\\ < 1 (5) 

for all y £ B\(x) C U and 2 £ -Bf(O) C X, and for £ j,rjj £ Bf( 0) C E with 
1 < j < k. By linearity in z, this implies 

\\Df(y,Si,...,Z k ,z, 0,... ,0)|| < || 2 || p (6) 
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for y G -Bf(x), G £?i(0) and 2 € X. We now use the Mean Value Theorem to 
write 

f(y,ti,“-€k)-f(x,€i,---€k) = [ Df(x + t{y-x),i 1 , ...,£k,y-x, 0,... ,0)di 

Jo 

for y G Bf(x) and £,• G ^i(O)- By the integrand is bounded by \\y — x\\ p in 
norm, so we obtain 

\\f{y,Zi,---Zk)-f(x,Zi,---€k)\\ < \\y~A\p 

for y G B p (x), G B ^(0). Equation (U) now follows from fc-linearity of the map 

f(y,-)-f(x,-):E k ^n. ' □ 

We proceed with the proof of Lemma [3.221 

Proof. We first prove weak continuity: since the map p^+n is norm-continuous, 
so is the map dp m (£ Q )p% for every fixed £ 0 G g m . This implies that p% is 
continuous for every norm p^ o , hence weakly continuous. 

To prove the strong continuity, we need to exhibit, for every (£,g) G g" x G, 
every bounded set B C g m and every e > 0, an open neighbourhood W C g" x G 
of (£,g) such that for ail (^ , ffQ G W, we have p B (pt{€',g') ~ pt(€, 9)) < £■ 
We apply Lemma [3.231 with k = m, E = g, X = g" x g, and U C g n x g 
a coordinate patch corresponding with an open neighbourhood U' of (£,g) in 
g™ x G, for which (£, g ) G U' is represented by x G U. Considering the restriction 
of the smooth map Pn+ m '■ 0 m x g” x G —> H to g m x U' and identifying U' with 
U , we find continuous seminorms || • || g on g and || • || p on g" x g such that for 
€0 = (£i,- - ■ ,£m) G g m and (£', g') G U', we have 

Wdpm^dpn^^pig')^ - dp m (£ 0 )dp n (£)p(g)tlj\\ < \\x' - x|| p ||£i||g ... ||f m || g , 

where x' G U is the coordinate of (£',g')- Let Bf(f)) C g be the open unit ball 
w.r.t. the seminorm || ■ || g , and let Uq := B\{ 0) m C g m . Since B is bounded, we 
can choose A > 1 such that B C Af7 0 . Then £ 0 G B implies that £ 0 := A _1 £ 0 G 
Uq, so that, since d p m is m-linear, 

\\dp m (£o) d Pn(£')p(g')ip ~ dp m (£ 0 )dp n (£)p(g)ip\\ 

= X m \\dp m (fi 0 )dp n (£')p(g , )il’ - dp m (fi Q )dp n (€)p(g)if\\ < X m \\x' - x\\ p 

for £ 0 G B , (£',g') G U’. Choosing the open neighbourhood W C U 1 corre¬ 
sponding to the open ball B x _ me (x) C U around x with radius \~ m e w.r.t. 
|| • ||p, we have 

\\dpm(€o)dpn(€')p(g')ip - dp m (£ 0 )dp„(£)p(g')V>|| < £ 

uniformly for £ 0 G B, (£\g') G W, so that, p B (pt(^,9') - /£$(€', S0) < £ for 
(£', g ') G W as desired. □ 

Using Lemma 13.221 we now prove that the orbit map is smooth. 
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Lemma 3.24. (Smooth orbit maps) If (p, TL) is a smooth unitary representa¬ 
tion of a locally convex Lie group G, then for every if £ P 00 , the orbit map 
p ^: G —X P°°, defined by p^(g) := p{g)ip, is smooth for the weak and strong 
topology on 77 00 . 

Proof. The orbit map is smooth for the norm topology on 77°° by definition, 
so for each ip £ 77°°, the maps 5™ x g" x G -> 77°° defined by (£ 0 ,£, < 7 ) e-» 
dp m (£ 0 )dp n (£)p(g)il> are smooth, as the restrictions to g m x g m x G of the 
(m + n) th derivative of the orbit map. It follows from this that the maps 

pt : g" x G -> 77°°, pHe, g) := dp n (£) p{g)iP (7) 

are C 1 for the weak topology; for fixed £ 0 £ g m and for every smooth curve 
f (£ t , y t ) in g” x G, we have 

lini dp m {^)L{pi{i t+ h^t+h) - pi{£vltj) 

= dpm(lo) {&pn{£t)p{7t)i> + dPn(Ct)dp(<5f7)p(7t)V’) 

w.r.t. the norm topology, where, if = (£i(7),..., £ n (7)), the expression £' t 
should be understood as 


= (£ (*), &(i), • ■ •, ^ (i)) + • ■ ■ + (t), ■ ■ •, fn-l(t), C(t)) ■ 

Therefore, the directional derivatives w.r.t. the norms p^ 0 exist and are linear 
combinations of maps of the type pi and pi +1 . Since these are continuous in 
the weak topology by Lemma T3. 221 the desired C^-property follows. 

For n = 0, this shows that pV : G —> 77°° is C 1 for the weak topology, and 
that Dp^ : TG —»• 77 00 is the map pf under the identification TG ~ G x q. If p^ 
is C n for the weak topology and its n th derivative corresponds to a sum of maps 
of type pf under the identification T^G ~ G x J~[fc=o 0 2 > th en th e same is 
true for n + 1 because maps of type p" are C 1 with derivatives of the same type. 
By induction, it follows that the orbit map is smooth for the weak topology. 

For the strong topology, fix a smooth curve t e-X (£ t ,7t) in Q n x G, and use 
Taylor’s Theorem to see that for a bounded set B C g m , the difference 


A h ■■= sup 

€06 b 


&Pm{£, 0 ) ] f{dpn(£,t + h)p{'lt+h) ~ dp n (£ t )p{j t ))ip 


- dp m (£ 0 )(dp„(|') + dp„(| t )dp(<5 t %))p(7i)' ! A 


for h ^ 0 is bounded by the remainder term involving the second derivative, 


A h < \h\ sup{C €oiS ; d 0 £B,s£ [-h, h]} , 


with a the norm of the second derivative at t + s, 


Q, 


dpm(^o) ^dpn(^ t _|_ s ) + 2dp„(^ t+s )dp((5^_ s 7) 
+dp n (£)dp(6 R i' t+s ) + dp n (£)dp(5 R j t+s ) 2 ^p{'y t+s )ip 
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Since the map (£ 0 ,s) ^ G£ 0jS continuous in f 0 and s, and positively homo¬ 
geneous in £ 0 , there exists an e > 0 such that C^ a . s is bounded on B x [—£,£], 
say by G > 0. Since A h <\h\-C uniformly for £ G B (subject to \h\ < e), we 
see that the directional derivative 

^Pn(£ t )P{lM = (dpn(€'t) +dPn(C t )dp((5%))p(7 t )^ 

exists for the strong topology, and that the result is continuous by Lemma 13.221 
It follows that the maps are G 1 for the strong topology. The proof that the 
orbit map is smooth for the strong topology is then the same as for the weak 
topology. □ 

Proposition 3.25. (Derived representations are regular) Let (p, TL) be a smooth 
unitary representation of a regular locally convex Lie group G. Then the derived 
representation (dp, H 00 ) is strongly (hence weakly) regular. 

Proof. The derived representation is continuous by Remark l3.8l so it remains to 
show that equation @ has a smooth solution t tft that depends smoothly on 
the path f € G°°([0, l],g). Since G is regular, the ODE = ft with y 0 = 1 
has a smooth solution t in G, which depends smoothly on the path f. 

Since the orbit map p^: G — > TL°° defined by p^(g) = p{g)if is smooth w.r.t. 
the weak as well as the strong topology CLemma 13.241) . the path if t = 
is smooth in TL°° for the weak and strong topology, with derivative dp(5f i 'y)'ift 
as desired. Since 71 depends smoothly on the path t 1 —> ft and p(ji)ip depends 
smoothly on 71 , the derived representation is regular. □ 

Proposition 3.26. (Regular implies integrable) If G is a 1-connected Lie 
group modelled on a barrelled Lie algebra g, then every unitary g-representation 
(77 V) that is either weakly or strongly regular integrates to a smooth unitary G- 
representation on the Hilbert completion Hy of V , and V C H v is G-invariant. 

Proof. For if £ V, we wish to define p(g)if as the solution of f^ift = 7 j(8^gt)ift 
with ifo = if, where t 1 —> g t is a smooth path in G with go = 1, gi = g, and 
‘sitting instants’. We need to show that this definition is independent of the 
choice of path. 

First of all, since G is simply connected, any pair (g ), g) ) of such paths is con¬ 
nected by an endpoint preserving homotopy 7 : [0, l ] 2 —>• G. We show that 7 can 
be chosen to be smooth. Indeed, since the paths have sitting instants, p 1 (g °) _1 
is an element of the Lie group C£° (S 1 , G) of smooth based paths in G. Since G 
is simply connected, G*(§ 1 ,G) is connected, hence G^°(S 1 ,G) is connected by 
|Ne021 Thm. A.3.7]. We can thus find a smooth path T: [0, 1] -7- G^°(§ 1 , G) from 
1 to g 1 (g°)~ 1 - This yields an endpoint preserving homotopy 7 (s,t) := T(s) t gt, 
which is smooth by |G1041 Prop. 12.2(a)]. 

We now use the Maurer-Cartan equation to show that the solution to 

d t if s t = ( 8 ) 
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with initial value ipo = 4 1 satisfies dgipf = 0 , so that the endpoint iff does not 
depend on s. Since the smooth path [0,t] —>• G defined by r i-> 7 * depends 
smoothly on t and s, so does the g-valued smooth path [ 0 , t] — > g given by 
t n- < 5 ^ 7 *. By regularity of 7r, the solution if* £ V of © also varies smoothly 
in s and t. Using the Maurer-Cartan equation ED, the evolution equation ([HD 
and the Product Rule 13.151 (which uses that g is barrelled), we obtain 

dsdtVt = + 7r(<Sf 'Jt )dsVt 

= AdtbflDVt + 7r([<Sf7t, 7t DV’t + 7 t) d sVt 

+ ( 7r (‘$f7 s t)dsVt - 

= dt(n{5fl s tWt) + ^tlt){ d sVt - 

(derivatives are w.r.t. the strong or weak topology), so, since d t d s 'fl = d s d t iff, 
we find 

d t (d s r t -Tr(5f 7 tWt) = <sH){d s r t -■ 

Since both ipQ = if and 7(5 = 1 are constant, d s ipt — ^(^ 7 * )V , I satisfies the 
evolution equation (JHJ) with initial condition zero, hence is identically zero by 
uniqueness (cf. Remark [3. 2 II) . We thus have 

dsVt = , ( 9 ) 


so that in particular d s if{ = 0 and p{g)if is well defined. 

The maps p(g) are linear and unitary (cf. Remark 13.211) . and g 1 —> p(g)if is 
smooth by regularity of G and it. To show that p{gh) = p(g)p(h), we observe 
that the concatenation Cj of the paths /i 2 t and g-it-i hi is a smooth path from 
1 to gh if we choose gt and h t to have ‘sitting instants’. The solution of the 
evolution equation -^ift = ^{^c^ift is then given by ift = p(/i 2 t) for t £ [ 0 , |] 
and 1 pt = p{g- 2 t-i) p{hi)if for t £ [i, 1 ], so evaluation in t = 1 yields p(gh)if = 
p(g)p(h)ip. □ 

Combining Propositions 13.4113.251 and 13.261 we obtain the following charac¬ 
terisation of smooth unitary representations. 

Theorem 3.27. (Correspondence global/infinitesimal representations) Let G 
be a 1-connected regular Lie group modelled on a barrelled Lie algebra g. Then 
every smooth unitary representation (p, H) of G gives rise to a derived Lie al¬ 
gebra representation (dp, H°°) which is both weakly and strongly regular. Con¬ 
versely, every unitary Q-representation (77 V) that is either weakly or strongly 
regular integrates to a smooth unitary G-representation. Two G-representations 
are unitarily equivalent if and only if their derived g- representations are unitarily 
equivalent. 

Corollary 3.28. (Equivalence weak and strong regularity) Let G be a regular 
Lie group modelled on a barrelled Lie algebra g. Then a unitary Q-representation 
( 7 r, V ) is weakly regular if and only if it is strongly regular. 
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Proof. If ( 7 r, V) is either weakly or strongly regular, then it integrates to a 
smooth G-representation, so it is both weakly and strongly regular by Proposi¬ 
tion 13.251 □ 


4 Projective unitary representations and cen¬ 
tral extensions 

Every smooth unitary representation of a locally convex Lie group G gives rise 
to a smooth projective unitary representation, and we will call a projective 
representation linear if it is of this form. Although not every smooth projective 
unitary representations of G is linear, we will now show that it can always be 
viewed as a smooth linear representation for a central extension of G by the 
circle group T. We prove that smooth projective unitary representations of a 
locally convex Lie group G give rise to smooth linear unitary representations 
of a central Lie group extension G ** of G, and hence to a representation of the 
central Lie algebra extension gN of g. Just like in the finite dimensional case, no 
information is lost in this transition if G is connected. 

Definition 4.1. (Central Lie group extensions) A central extension of G by T 
is an exact sequence 

1—*-T—>-G—>-G—>-1 

of locally convex Lie groups such that the image of T is central in G and G —>• G 
is a locally trivial principal T-bundle. An isomorphism <f>: G —> G' of central 
T-extensions is an isomorphism of locally convex Lie groups that induces the 
identity maps on G and T. 

Given a continuous projective unitary representation (p, ji) of G, the mor¬ 
phism 

G# :={(<?, U)eGxXJ(H):p(g) = U}^G, (g,U) g 

defines a central T-extension of topological groups. Its continuous unitary rep¬ 
resentation 

p:G*^V(H), (g,U)^U 

reduces to 0 i-» zl on T, hence induces p on G. To show that G^ is a locally 
convex Lie group if (p, Tj) is smooth, we need the notion of (local) lifts. 

Definition 4.2. (Lifts and cocycles) Let (p, Tj) be a smooth projective unitary 
representation of G. A lift of p over a symmetric 1-neighbourhood L4 C G is 
a function p: U± —» U (H) with p(l) = 1 and p(g) = ~p(g) for every g S U\. If 
Vi C f7i is a symmetric 1-neighbourhood such that g. h G Vi implies gh G Ui, 
then the local 2-cocycle /: 14 x Vi —> T, defined by 

P(g)p{h) = f(g, h)p(gh) for all g,h £ 14, (10) 

measures the failure of p to be a local group homomorphism. 
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If two lifts p and p' differ by a smooth function (a local 1-cocycle) /3: Ui —> T 
(and this will be the case for the lifts considered below), the corresponding local 
2-cocycles / and f differ by the local coboundary 5f3: \1 xVi —> T, defined by 
5/3{g,h) := I3(g)/3(h)/3(gh)- 1 . Note that /3(1) = 1, and f(g, 1) = f(l,g) = 1 for 
all g £ V\. 

Theorem 4.3. ( G^ as a locally convex Lie group) Let (p. TL) be a projective 
unitary representation of a connected locally convex Lie group G. Suppose that 
[if] £ ¥(TL) is smooth. Then the following assertions hold: 

(i) The subset Uy, := {g £ G: J>(g)[if] / ["0]} is an open symmetric neighbour¬ 
hood of 1 in G. For g £ Uy,, let py,(g) £ U (TL) be the unique lift of~p(g) 
with (if,py,(g)if) > 0. Then the map Uy, —> TL defined by g ^ py,(g)if is 
smooth and ppig^ 1 ) = Pyj(g)^ 1 for g £ Uy,. 

(ii) The central T-extension G^ of G carries a natural Lie group structure for 
which the map ry, : Uy, x T —> G^ defined by (g,z) n- (g,py,(g)z) is a T- 
equivariant diffeomorphism onto an open subset of GK This turns G^ into 
a locally convex principal T -bundle over G. 

(iii) The vector if has a smooth orbit map under the unitary representation 
(/ o,H ) ofGK 

(iv) If p £ TL is such that (if,ip ) ^ 0 and [p] £ P(TL)°°, then p is a smooth 
vector for p, and the Lie group structures on G^ obtained from [p] and [if] 
coincide. 

(v) If P(TL)°° is dense in P (TL), then the Lie group structure on G$ does not 
depend on the choice of [if] £ P (TL)°°. Moreover, we have P (TL) 00 = 
P (TL 00 ), that is, a vector p £ %\{0} is smooth for p if and only if its ray 
[<p] is smooth for ~p. 

Proof, (i): We may assume that ||i/'|| = 1- On the open subset 

Vy, ■■= (M € P (TL): \{if,p) | / 0} = {[^ + ti]:iig if ± } 

which is diffeomorphic to if-*-, we have a unique smooth map cry,: Vy, —> TL with 

IIMbDII = 1 and o'y(M)) > 0 for [p\ £ Vy,. (11) 

It satisfies ay,([if+u ]) = for u £ if- 1 . Since [if] has a continuous orbit map, 

Uy, is an open 1-neighbourhood in G. For g £ Uy,, there exists a unique py,(g) £ 
U (Ti) with py(g) = p(g) and (if, py,(g)if) > 0. Then py,(g)if = cry,{jp(g)[if]) 
shows that the map Uy, —► TL defined by g py,(g)if is smooth. For g £ Uy,, 
the relation ( if,py,(g)^ 1 if ) = ( py,(g)if,if) > 0 implies that g~ 1 £ Uy, with 

ppig^ 1 ) = Ms) -1 - 

(ii) and (iii): It follows from (i) that, in particular, the map G x G —> C, 
defined by 

(g,h) i->- (if,py,(g)py,(h)if) = (py,(g)~ 1 if, Py,(h)if) = (py,(g^)if, py,(h)if) 
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is smooth in a neighbourhood of (1,1), so that (ii) and (iii) follow from [NelOal 
Thm. A.4], 

(iv) Let U C [/p C G be an open symmetric O-neighbourhood such that 
p(p)[<p] £ Vil> f° r all .9 S U. We have to show that the map 

U g p(g, Pip(g))<p = Pip{g)p 

is smooth. Define a(g) £ T by 

P^(g)v> = a{g)a^(p(g)[ l f})- 


In view of the smoothness of <X 0 , it suffices to show that a is smooth. As 
> 0 and |a(p)| = 1 , we have 


«(s) = 


{^,pp(g)jp) 

I {i/>,pip(g)<p) I ' 


Further, the relation pip{g) 1 = Pip (g 1 ) shows that the function 
t/-MC, g ^ (ip,Pip(g)p) = (pip(g~ 1 )i>,g’) 


is smooth. This proves that <p is a smooth vector for p. 

The Lie group structure on G ** constructed from [ip\ has the property that 
the map 

Tip: Ui), x T ->• G # , (g,z) ^ (g,Pip(g)z) 

is a local diffeomorphism. Let pp, and p v denote lifts of p in an open symmetric 
identity neighbourhood U C U v such that (^, pip(g)ip) > 0 and (<p, p v (g)<p) > 0. 
Write Pip{g) = Pip,<p{g)Py{g) with /3^ >v> (g) £ T. We have to show that Ptp,ii> is 
smooth. We have seen above that the function 


(<p, Pip{g)p>) = Pip,v(g)(p,p v (g)<p) 


is smooth. Since (<p,p v (p)<p) = \(ip, p^,(g)ip)\, it follows that 


Pi>,<p(g) 


(v, Pip(g)v) 

\(ifi,Pip(g)(p)\ 


is also smooth. This completes the proof of (iv). 

(v) If [<p] £ then the density of P(%)°° implies the existence of an 

element [x] £ P ('H) oc with (ip,x) / 0 / (<P,x)- Then (iv) implies that the Lie 
group structure on G® does not depend on the choice of [ij>\ and that ip is a 
smooth vector for p. □ 


Remark 4.4. (Equivariance of lifts) Suppose that, in the context of the pre¬ 
ceding theorem, we fix a smooth ray [ip\ £ P('H), g £ G and a lift p(g) of 
p(g) £ PU (H). Then 

Up( g )ip =gUipg~ 1 and Pp^ipighg -1 ) = p{g)pip(h)p(g)~ 1 , ( 12 ) 

because {p(g)ip, (p(g)pip(h)p(g)~ t )p(g)ip) > 0 . 
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The following corollary allows us to consider projective smooth unitary rep¬ 
resentations as linear representations of a central extension, even if the group 
is not connected. 

Corollary 4.5. (Projective G-rep’s GG linear G^-rep’s) Let (p. TL) be a smooth 
projective unitary representation of a locally convex Lie group G. Then there 
exists a central Lie group extension 

T -s- G # -»■ G 

and a smooth unitary representation p of G$ such that p(z) = zl on T and 
p is the corresponding projective unitary representation. Moreover, Ljf ,TL') is 
unitarily equivalent to (p, TL) if and only if there exists a unitary transformation 
U: TL —>• TL' and an isomorphism $: G® —>• G^' of central Lie group extensions 
such that U o p(g) = /? ($(<?)) o U for g € GK 

Proof. Let Go C G be the identity component of G. We endow Gq with the 
Lie group structure from Theorem 14.31 Note that [if) G P(TL) is smooth for p if 
and only if it is smooth for p\g 0 , so that Theorem l4.3l v'l implies that ¥(TL)°° = 
P (TL°°), where TL°° is the space of smooth vectors for the representation p of Gg. 

It remains to show that the Lie group structure on the normal subgroup 
Gg of G# extends to a Lie group structure on G*. We have to show that, 
for (h,W) G G**, the corresponding conjugation automorphism C(h,w) of Gg is 
smooth in an identity neighbourhood. The manifold structure on Gq is obtained 
from product maps 

^xT-> Gq, (g, z) i->- (g, p^(g)z), 

where [if\ G P (TL)°° and p^(g) G U (TL) is specified by (if, p^ (g)if) > 0. In view 
of 

(h,W)(g,p$(g)z)(h,W)~ x = (hgh~ 1 ,Wp^ J (g)W~ 1 z), 

the smoothness of c^,w) i n an identity neighbourhood is equivalent to the 
smoothness of the map 

g i y /3(g) := p^(hgh~ 1 )~ 1 Wp. l/j (g)W~ 1 G T 

in a 1-neighbourhood of G. For <p := Wif we have [<p] = ~p(h)[ijj] G P (TL)°°. 
Further, p v (g) := Wp-p(g)W^ 1 satisfies p v (g) = ~p(hgh~ l ) and (p v ,(g)p,ip) = 
(p^(g)if,if) > 0. Therefore the smoothness of f3 in an identity neighbourhood 
follows as in the proof of Theorem I4.3l vh It is clear that the space of smooth 
vectors for p and p| G # is the same. 

To prove the final statement, note that if XJ: TL —> TL' is a unitary intertwiner 
between (p,TL) and (fp',TL'), then 

1>:G4G»', (g,V)^ (g^VU- 1 ) 

is a continuous isomorphism of central extensions satisfying p(4>(p)) o U = 
U o p(g). Since the lifts p' v and py, from Theorem 14.31 il satisfy p' Ua p(g) = 
Up^(g)U-\ we obtain o for the local trivialisations ry, and of 

Theorem 14.3l iib It follows that $ is smooth. □ 
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Remark 4.6. (Identical cocycles) If U: TL — > TL' is an isometric intertwiner 
from (fp,TL) to (p',TL'), then the local 2-cocycles fy and fmp derived from the 
local lifts pi/, and p’ Ux p (cf. Definition ^. 21) are not only cohomologous, but actually 
identical. 

In order to classify smooth projective unitary representations of G , one first 
classifies the central T-extensions G —> G up to isomorphism, and then deter¬ 
mines the smooth unitary representations of each G (with the property that 
p(z ) = zl for z T) up to unitary equivalence. One then obtains all smooth 
projective unitary representations, but there is a slight redundancy in this de¬ 
scription. Indeed, unitary G-representations that differ by a character \ ’■ G —>■ T 
clearly give rise to the same projective G-representation, but need not be unitar- 
ily equivalent as G-representations. For connected Lie groups G with a perfect 
Lie algebra g, this redundancy vanishes because all characters are trivial. 

Proposition 4.7. (Linear representations modulo characters) Let (jo, TL) and 
(jf ,TL') be smooth unitary representations of the same central T-extension G, 
with p(z) = p'(z) = zl for z € T. Then they give rise to unitarily equiva¬ 
lent projective unitary G-representations if and only if there exists a unitary 
transformation U: TL — > TL' and a smooth character \ : G —> T such that 

P , {d) = x(d)-Up{g)U~ 1 for Glg^geG. 

If, moreover, the Lie algebra g of G is a topologically perfect, then \ factors 
through a character xo ■ tto(G) —> T. 

Proof. If $: G —»• G is an automorphism of a central T-extension G —»• G, then 
it is in particular an automorphism of principal T-bundles, hence of the form 
$(g) = g ■ x(d) f° r a smooth T-equivariant map %: G —> T. Moreover, x nrust 
be a group homomorphism because $ is. Since $( 2 ) = z for z € T, we have 
x{z) = 1, so that x factors through a smooth character y: G —> T. The first 
part of the proposition now follows from Corollary 14.51 Since dy: g —> K. is 
a continuous Lie algebra homomorphism, it vanishes on [g, g] - Thus, if g is 
topologically perfect, x is locally constant, hence factors through a character 
X : tto(G) —»• T. ' ‘ □ 

5 Smoothness of projective representations 

In this section, we provide further background on the notion of smoothness for 
a projective unitary representation (jo, TL) of a locally convex Lie group G. In 
Subsection lfi.ll we obtain effective criteria for the smoothness of a ray [if] € P('H), 
and in Subsection 15.21 we determine the structure of the set P('H) 00 of smooth 
rays. 

5.1 Smoothness criteria 

The following useful smoothness criterion for unitary representations is proven 
in iNelObl Thm. 7.2]. 
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Theorem 5.1. (Linear smoothness criterion) A vector ip £ T~L is smooth for a 
unitary representation (p, %) if and only if the map G —> C,g H > (ip,p(g)ip) is 
smooth in a neighbourhood of 1 £ G. 

In particular, a unitary representation is smooth if it possesses a cyclic vector 
£ % such that G —> C, g H > ($7, p(g)it) is smooth in a neighbourhood of 1 £ G. 
For projective unitary representations, Theorem 15.11 generalises as follows. 

Theorem 5.2. (Projective smoothness criterion) A ray \ip\ £ P (ji) is smooth 
for a projective unitary representation (p, Ti) if and only if the transition prob¬ 
ability 

G-+R, g <-tp([ip\ ;p(g)[ip]) 

is smooth in a neighbourhood of 1 £ G and if moreover, the local cocycle f^ 
(which is then defined) is smooth in a neighbourhood of (1,1) £ G x G. 

Proof. Since continuity at 1 of either the orbit map or the transition probability 
imply the existence of a 1-neighbourhood U\ C G with ~p(g)[ip) / [ip\ for g £ Ui, 
the lift pp(g) of ~p(g) is defined on Ui by the requirement (ip, p^,(g)ip) > 0. 
Under either assumption, then, the local cocycle fp: Ui x Ui —> T of Def¬ 
inition 14.21 is defined. By equivariance, a ray [ip\ £ P (7i) is smooth if and 
only if the orbit map G —» P ((H), g p(g)[ip] is smooth in a neighbour¬ 
hood U± of 1 e G, which is the case if and only if Ui —> H,g H- Pp(g)ip 
is smooth (see the proof of Theorem 14.314 ')'). By jNelObl Thm. 7.1], this is 
the case if and only if U± x Ui —>■ C ,(g,h) (pp(g)ip, Pp(h)ip) is smooth. 
If H^ll = 1, then this equals fp(g~ 1 ,h)(ip, p^(g~ l h)ip), which in turn can be 
written fp(g~ 1 ,h)^p([ip\,'p(g~ 1 h)[ip]). The theorem follows. □ 

This criterion yields the following effective method to prove smoothness of 
projective unitary representations. 

Corollary 5.3. (Smoothness of projective representations) A projective unitary 
representation (p, hi) is smooth if it possesses a cyclic vector D G H such that 
g i ^ p([f2], p(p)[n]) and fn are smooth in a neighbourhood of 1 € G and (1,1) £ 
G x G respectively. 

5.2 Structure of the set of smooth rays 

We now study the structure of the set P('H) 00 of smooth rays. Our methods are 
similar to those used in [Nel4( to study the set of continuous rays. 

For the following lemma, recall that the topology of the Hilbert manifold 
P pH) is induced by the Fubini-Study metric, which is defined by the equation 
d([ip], [<p]) = arccos \(ip, <p)\ £ [0, 7t/2] for unit vectors ip,tp £ H. Geodesics in 
this metric are of the form 

y(t) = [(cost)V> + (sin t)x\ for ||V’|| = llxll = 1. (V>,x) = 0. 

From that one derives easily that points [ip], [<p] with d([ip], [<p]) < n/2 are con¬ 
nected by a unique minimal geodesic parametrised by arc-length. 
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Lemma 5.4. (Smoothness of generalised midpoint maps) For [•?/>], [p\ £ P(TL) 
with (ip,p) ^ 0, let 7[i/>],[x](i)>0 < t < 7r/2 denote the unique minimal geodesic 
starting in [ip] and passing through [p] for to = d([ip\, [<^]). Then, for every 
t £ [0,7t/2], the map 

{([V’],b])e P(H) 2 : (ip,p) ^0} -^P(H), (M, M) ^ 7M,[¥>](*) 

is smooth. 

Proof. For two unit vectors ip and ip with (if, p) > 0, we write 

, = t- _ v- 

X ^' v ’ \\v- (^V’)V’II \Jl - \(p,ip)\ 2 ' 

Then (ip, Xip,cp) = 0 and we have 


7 = [(cos t)ip + (sint)x^ lV ,]. 


Note that X^,v is the unique element in Cip + Cp orthogonal to ip with ||xy, ;¥ ,|| = 
1 and (XipwiT) > 0- If we choose another representative A ip £ [ip] with |A| = 1, 
then we also have to replace p by A p to ensure positivity of the scalar product, 
and this implies that [(cos t)ip+ (sin t)xv>,<?] does not depend on the choice of ip. 

If we choose a smooth local section er: U —> §("H) = {ip £ TL'. ||f/’|| = 1} of 
S (TL) —>■ P(TL) on an open neighbourhood U of [ip] and a' : V —> §(TL) on an 
open neighbourhood V of [p] such that any two lines [a] £ U and [6] £ V are 
not orthogonal, then 


°"{[a\, [b]):= (a([o]), 


(a([a]),a'([b[)) 



(0-([«]),XrT"([a],[6])) 


is a smooth section U x V —> S(TL) 2 whose range consists of pairs (a, b) with 
(a, b) > 0. We therefore have 


7[a],[6](f) = [(cos t)cr([o]) + (sin t) X a"([a],[b])], 

so that the assertion follows from the smoothness of the map (ip, p) M- Xi/>,<p- ^ 

This yields the following description of the set of smooth rays: 

Theorem 5.5. (Structure of the set of smooth rays) There exists a family 
(Vj)j<zj of not necessarily closed mutually orthogonal linear subspaces ofTL such 
that 

P(H)°° = |J P (Vj). 

j&J 

In particular, ifP(TL)°° is dense in P (TL), then it is of the form P(T>) for a dense 
subspace V C TL. 
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Proof, (cf. |Nel4l Lemma 5.8]) First we show that, if [ipo], • • •, [ip n ] G P(W)°° 
are such that (ipj,ipj+ 1 ) ^ 0 for j = 0,..., n — 1, then 

[ip 0 , ...,ip n ]'= P(span{V>o, • ■ • , i>n}) 
is contained in P (fH)°°. We start with the case n = 1. Let 

Exp: T(F(H)) 

denote the exponential map of the Riemannian symmetric space P("H). For 
[x] = Exp(u) and v G T|^](P(%)) with ||v|| < n/2, the whole geodesic arc 
[Xt] = Exp(to), 0 < t < 1, consists of elements not orthogonal to [?/>]. In view 
of Lemma [5~T1 [■0], [x] S P(W)°° implies that [xt] = 7[v>],[x]W £ P^) 00 for 
0 t < 1 because p(. ( '/)7[y].[v] 7p(g)[i/i],p(ff)[x]' 

Since Exp is PU(%)-equivariant, we conclude that, for the action of G on 
the tangent bundle T(¥(H)), the set T(P(H))°° of G-smooth elements has the 
property that, if v G T(P( - H)) 00 with ||u|| < tt/2, then [0, l]u C T(F(H))°°. 
Since G acts on T(P(H)) by bundle automorphisms, it also follows that, for each 
[ip] £ P(%)°°, the set T^'fPpH)) 00 is a complex linear subspace. This implies 
that, for two non-ortliogonal elements pi/;],[x] £ P(TL)°°, the whole projective 
plane [ip, x] C P(%) consists of G-smooth rays. This completes the proof for the 
case n=l. 

We now argue by induction. Assume that n > 1. Then the induction hy¬ 
pothesis implies that [ipo, ■ ■ ■, ipn- 1 ] Q PIf [ip] G [ipo, ■ ■ ■, ip n ] is different 
from [ip n ], then [ip,ip n ] is a projective line intersecting [ipo,..., ip n -i] in some 
point [x]. Then [ip] G [x, ip n ] Q Pfollows from the case n = 1. This shows 
that [ip 0 ,---, ipn] C P 

The preceding arguments imply that every non-empty subset G C P('H) 00 
which cannot be decomposed into two non-empty orthogonal subsets is of the 
form P (T>) for a linear subspace DCH. For two such subsets Gi and G 2 , the 
corresponding subspaces T>\ and T >2 are clearly orthogonal. This completes the 
proof. □ 


6 Lie algebra extensions and cohomology 

We have seen in Corollarv l4.5l that smooth projective unitary representations of 
a locally convex Lie group G are linear representations of a central extension G ^. 
Since those are determined on Gq by their derived Lie algebra representation 
(Proposition 13.4|l . it is worth while to take a closer look at central extensions of 
locally convex Lie algebras. 

Definition 6.1. (Central Lie algebra extensions) A central extension of a locally 
convex Lie algebra g by R is an exact sequence 

O->l->0->g^O (13) 

of locally convex Lie algebras such that the image of R is central in g. An 
isomorphism <p: g —> g' of central extensions is an isomorphism of locally convex 
Lie algebras that induces the identity maps on g and R. 
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Needless to say, group extensions in the sense of Definition 14.11 give rise to 
Lie algebra extensions in the sense of Definition 16.11 Lie algebra extensions are 
classified by Lie algebra cohomology. 

Definition 6.2. (Continuous LA cohomology) The continuous Lie algebra co¬ 
homology H u (q, R) of a locally convex Lie algebra g is the cohomology of the 
complex C*(g,R), where G"(g,R) consists of the continuous alternating linear 
maps g” —J- R with differential S n : C"(g,R) C" +1 (g,R) defined by 

Given a 2-cocycle w: g 2 —> R, we define the Lie algebra g^ by 

g w :=R© u g 

with the Lie bracket [(z, £), (z', £')] := (w(£, £'), [£, £']). Equipped with the 
obvious maps R —> g^ —>• g, it constitutes a central extension of g by R. 

Proposition 6.3. (Cohomological description of central extensions) Central 
extensions of g by R are classified up to isomorphism by H 2 (g, R). 

Proof. Let R g q > g be a central extension of g by R as above. The Hahn- 
Banach Theorem guarantees existence^ of a continuous linear (but, in general, 
not homomorphic) map cr: g —» R of (TT51) that is the identity on R. The al¬ 
ternating continuous linear map cr o [•,•]: g 2 —>■ M vanishes on R x g, hence 
drops to a 2-cocycle : g 2 —>• R. The difference between two maps cr and cr' 
as above is continuous and vanishes on R, hence defines a 1-cochain ft: g —> R. 
Thus uv — oj a = S is exact, and the cohomology class [w CT ] G ff 2 (g,R) does 
not depend on cr. If ip: g —»• g' is an isomorphism of central extensions, then 
cr' := ip o a is the identity on R, and thus w a > = w a . □ 


If {Jj, H) is a smooth projective unitary representation of G, then the central 
Lie group extension T — > — > g of Corollary 14.51 gives rise to a central Lie 

algebra extension R — > g 11 — > g. 

Proposition 6.4. (A map from P (fH°°) to the space of cocycles) If if £ 
is a unit vector, then the class [aty] G 7L 2 (g,R) corresponding to the central 
extension g - 1 is represented by the 2-cocycle 


where /fy*: T±G = g —t T X G^ = g is the differential of the local lift p^, of 
Theorem 14.31 In terms of the group 2-cocycle, it is given by 


= -iy 


( d 2 


dtds 




s,t —0 


Ml ? (i),7e(s))), 


where 7 ^ denotes a curve R —> G with 7 ^( 0 ) = 1 and 7 ^( 0 ) = £. 

x For extensions derived from projective representations, such maps can be constructed 
explicitly. 
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Proof. Note that p^ is a continuous linear splitting of the exact sequence R —>• 
0 ^ —> g. In general, it is not homomorphic. The corresponding Lie algebra 
2 -cocycle 

■= *(pv>*([£,£']) - [PV'*(^)>Pb*(? / )]) ( 14 ) 

measures the failure of pp* to be a Lie algebra homomorphism. Since the real 
valued function g (ip, p^(g)ip) is maximal at g = 1 , we have (ip, p^*(f)ip) = 0 
for all £ G 0 , so the formula for u)^, in terms of p^,* follows. To obtain the 
formula for in terms of /p, one differentiates Equation (1101) . □ 

By Corollarv l4.5l every smooth projective unitary representation of a locally 
convex Lie group G gives rise to a class [G®] G Ext(G, T), and to a smooth 
unitary representation of GK The Lie group extension T —>• G^ —> G in turn 
gives rise to a Lie algebra extension R —> 0 —>• 0 , hence to a class [w] G H 2 (q , R). 

The converse direction, however, is quite nontrivial; in general, not every 
class in H 2 (q, R) will integrate to a class in Ext(G, T). The following is an inte- 
grability criterion for Lie algebra 2-cocycles in terms of discreteness conditions 
on the period homomorphism per w : 7 r 2 ( G ) —>• R, which is the extension of the 
map G£°(§ 2 , G) —> R defined by a f f2, where f2 the left invariant 2-form on 
G with Oi = bj (see [Ne02 : , Def. 5.8]). 

Theorem 6.5. (Integration of Lie algebra cocycles) Let G be a connected sim¬ 
ply connected Lie group modelled on a locally convex Lie algebra 0 , and let 
[w] G H 2 (q, R). We fix the isomorphism R ~ Lie(T) obtained by the expo¬ 
nential function exp T (t) = e 2mt . Then the Lie algebra extension R —> 0 —>• 0 
defined by uj integrates to an extension T —>• G —> G of Lie groups if and only if 
perj7r 2 (G)) C Z. 

Proof. This is [Ne02l Thm. 7.9], □ 

As a byproduct of the construction of the smooth structure on G* (cf. The- 
orem m , we obtain the following necessary condition for a class [w] to come 
from a projective unitary representation. 

Proposition 6.6. (Necessary condition for unitarity of cocycles) A necessary 
condition for a class [w] G H 2 (g, R) to correspond to a projective unitary repre¬ 
sentation is that for some representative wp G [w], there exists a continuous posi¬ 
tive semi-definite sesquilinear form Hp : 0c x 0 c —>• C such that = —2Im(H^) 
on 0 . It satisfies Ker (H^j) C Ker(u;p)c. 

In particular, f, g G 0 satisfy the Heisenberg uncertainty relations 

<U\\hJ\v\\h^ ■ (15) 

Proof. If (p, H) is a smooth projective unitary representation of G and ip G H. 00 
is a smooth vector, then recall from Proposition 16.41 the formula 

^v(£,p) = -i(ip,[pi,*(Q,Pi,*( i nj\i’}- (16) 
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If we define the positive semi-definite sesquilinear form H$: ge x 0 c —>• C by 

H^,v) ■= (p^iO^P^ivW) > ( 17 ) 

then oj^ = —21mon g. Note that the kernel of H is precisely the complexifi- 
cation of the stabiliser of [if] in gc, that is, Ker(H^) = stab flc ([i/>]) C Ker(w). □ 

The representative and its corresponding semi-definite sesquilinear form 
Hjf, depend on the choice of a ray [ if] £ P(H°°). If we choose a different point 
~p(g)[if\ in the same G-orbit G[if] C P(P°°), then the corresponding Up( g )^ and 
Hp(g)tl> are related to cand by the adjoint representation: 

Proposition 6.7. (Covariance to and H) If [if'] = ~p(g)[if] is in the G-orbit of 
[if] £ P('H°°), then 

UftgWit’V) = ^(Adg-^OjAdg-i (??)), (18) 

= H^Adg-iig), Ad s -i(ry)). (19) 

In particular, H ^ and are invariant under the stabiliser Gj.^j C G of [if]. 

Proof. From (fl2l) . we know that Pp^^ighg^ 1 ) = p(g)pip{h)p{g )~ l , which leads 
to 

pp{g)i,*{0 = p(g)pp*(Ad~ 1 0 p ( 5) _1 

and further to 

Pp( g )i’*(£,)p(g)^ = P^W^Ad” 1 0^- 

The assertion now follows from (flljl) and (1171) . □ 

Remark 6.8. The geometric intuition behind Propositions 16.61 and 16.71 is the 
following. If the orbit O = G[if] C happens to be a smooth homogeneous 

manifold modelled on 0/0[^] (for example if G is finite dimensional), then P = 
G^'if C H°° is a smooth principal T-bundle over O , modelled on g^/g^. The 
maps [if] i—^ and [if] H > R e(H^) then define an equivariant smooth 2 -form 

and a hermitian metric on O , whereas the splitting s^: Try.iG —>• T^P derived 
from pp*: q/q[m —t g c /g,/, yields an equivariant connection 1-form on P with 
curvature — ui. This makes P —> O into a prequantum T-bundle with equivariant 
Riemannian metric Re(IT). 


7 The main theorem 

We have seen that for locally convex Lie groups, there is a correspondence be¬ 
tween smooth projective unitary representations of G and smooth linear unitary 
representations of a central extension G* —>• G. Moreover, for connected sim¬ 
ply connected Lie groups G modelled on a barrelled Lie algebra g, there is a 
correspondence between smooth unitary representations of G^ and regular uni¬ 
tary representations of its Lie algebra g*. We now give a formulation of this 
correspondence which carefully takes the intertwiners into account. 
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Definition 7.1. (Representation categories) Let G be a Lie group modelled 
on a locally convex Lie algebra g. Define the categories I, II, III, and III r as 
follows: 

I. The category of triples (p, TL, [-«/;]), where (p, TL) is a nonzero smooth pro¬ 
jective unitary representation of G and [ip\ £ P(7f)°° is a distinguished 
smooth ray. A morphism (p, TL, ['(/’]) —> pp' ,TL' ,[ip']) is a linear isometry 
U: TL —> TL' with [Uip\ = [ip 1 ] and U o p = p' o U. 

II. The category of quadruples (G —>• G,p, TL, [^]), where G —> G is a smooth 
central T-extension of G, (p, TL) is a smooth unitary representation of 
G such that p{z) = z 1 on T, [ip\ £ ¥(TL°°), and the morphisms are 
pairs (<1>, t/), where <f>: G —> G' is an isomorphism of central extensions 
and U: TL —> TL' is a linear isometry satisfying Up(g) = p'($(g))U and 
[Uip] = [ip'\. 

III. The category of quadruples (g —> g, 7r, Vf, [i/^]), where g —>• g is a central 
R-extension of locally convex Lie algebras, (n, V) is a continuous unitary 
representation of g such that 7r(l) = 1 (cf. Definition 13.711 . [ip\ £ P(R), 
and morphisms are pairs (<p,U) where ip: g —> g' is an isomorphism of 
central extensions and U: V —> V' is a linear isometry satisfying Utt(£) = 
7 r'((p(£))[/ and [Uip\ = [ip'}. 

III r . The full subcategory of III where the image per [fJ (7T2(G)) —>• R of the period 
homomorphism for the class [u>] £ H 2 (g, R) of g = R © w g is contained in 
Z, and (n, V ) is (strongly) regular. 

The case H = {0} is excluded in all categories. 

Remark 7.2. (Morphisms are intertwiners for perfect, connected G ) If G is 
connected and g is topologically perfect, then the isomorphisms G —> G' 
and ip: g —> g' are unique by Proposition 14.71 In this case, isomorphic central 
extensions can be canonically identified, and the morphisms are simply isometric 
intertwiners U with [Uip] = [ip 1 ]. 

Theorem 7.3. (Main theorem) Let G be a Lie group modelled on a locally 
convex Lie algebra g. 

A) There exists an equivalence of categories between I and II. 

B) If G is connected, then the derived representation functor d: II —> III is 
fully faithful. If G is connected and regular, then d lands in III r . 

C) If G is a connected, simply connected, regular Lie group modelled on a 
barrelled Lie algebra g, then there exists an integration functor, denoted 
I: III r —> II, which is left adjoint to the derived representation functor 
d: // —> III r . 
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Proof. The functors we need are already constructed at the level of objects, 
so we need only check the above statements and functoriality at the level of 
morphisms. 

A) The equivalence of I and II is essentially Corollary 14.51 Considering a G- 
representation as a projective G-representation yields a functor II —>• I. We 
show that the construction of (G* , p,P,ip) out of (p,P,ip) is functorial. By 
Remark l4.6l and the fact that the construction of the cocycle only depends on the 
class [ip] of ip, the extensions and G ^ derived from (p,P,ip) and [p',P',ip') 
are the same if there exists a linear isometric intertwiner U: P —> P' with 
[Uip] = [ip']. This means that we can define the functor to map U to (<f>, t/) 
with <f> = Id, 

{G\p, P, fj) - (Id,c/) - > (G lt , p', P', ip '). 

The composition I —>• II —> I is the identity, and the natural transformation 
between the identity and II —> I —> II is given on (G, p, P, ip) by the pair ($, U ) 
where U: P ^ P is the identity and $: G —» G^ is fixed by requiring that <£(< 7 ) 
cover g £ G and p(g) = p^($(g)). 

B) The derived representation functor d takes {G,p, P, ip) to (g, d p,P°°,ip) 
and (4>, U) to (d$, U]^). It is fully faithful for connected G by Proposi¬ 
tion 13.41 The image of the period map is discrete for connected G because by 
|Ne02[ Prop. 5.11], per w is minus the connecting homomorphism 5: ir 2 (G) —>■ Z 
of the principal T-bundle G —> Z. If G is regular, then so is (dp, P°°) by Propo¬ 
sition 13.251 Together, discreteness and regularity imply that the Lie functor 
lands in III r . 

C) We describe the integration functor III r —»• II. The ray [p\ picks out a 
distinguished splitting a: g >-> g of g —0 by the requirement (ip, ir(cr(£))ip) = 0 
for £ £ g, and hence a distinguished element u in the class [w] corresponding 
to 0 —> 0 (this is the infinitesimal version of equation (fT4jl ). If (p,U) is a 
morphism from (g, n, V, [ip]) to (g', n',V', [ip']), then the splitting a ': g >—» g' is 
precisely a' = ip o a, so that u>' is identical to ui. Although the construction of 
group extensions from Lie algebra extensions described in |Ne02l § 6] is highly 
non-canonical (it depends on a choice of a system of paths in G), it takes as 
input only a Lie algebra 2-cocycle w, so it produces the same central extension 
G for g and g'. We construct the smooth group representation of G on P v 
by solving the ODE pjf'ipt = ^(SRg^ipt with initial condition tp 0 as outlined in 
Proposition 13.261 (The identification between g and the Lie algebra g R 
of G needed to evaluate Tr(5 R g t ) is fixed by the splitting a.) If U: V —> V' 
is an isometric intertwiner, then ip' t = Uipt is a solution to pjfip't = (5 R gt)ip' t 
with initial condition ip' 0 = Uipo, so its closure U : Pv —t Pv 1 is an intertwiner 
at the group level. To check that I is left adjoint to d, we provide a natural 
isomorphism 

hom//(I —, -) ~ homj/j r (—, d —). 

By the above argument, we may identify the groups and Lie algebras on both 
sides. For a unitary G-representation ( 7 t,P), let U: Py —>■ P be an isometric 
intertwiner in II. Since V C P v is contained in Py, we have UV C P°°, and 


33 











U\v : V —>• R°° is an isometric intertwiner in III,. Conversely, every isometric 
intertwiner U\v- V —>■ R°° extends to the closure Ry —> R, hence defines an 
isometric intertwiner in II. This shows that (I, d) is an adjoint pair. □ 

Remark 7.4. (Adjunction, but not equivalence) The adjoint pair (I, d) is in 
general not an equivalence of categories, because non-equivalent Lie algebra rep¬ 
resentations can correspond to equivalent group representations. For example, 
the Lie algebra representations on the spaces of smooth and analytic vectors for 
a single unitary group representation are in general not unitarily equivalent. 

8 Covariant representations 

In this section, we consider a locally convex Lie group G, endowed with a 
smooth action of a locally convex Lie group R , given by a homomorphism 
a: R —*• Aut(G). The semidirect product G xi a R is then again a locally convex 
Lie group with Lie algebra the “crossed product” by Da: t —> der(g). 

This setting, especially with R = R, is frequently encountered in the repre¬ 
sentation theory of infinite dimensional Lie groups, in particular for loop groups 
(cf. [PS86J and Section [TO.31) and gauge groups (cf. j JN15j l. 

Definition 8.1. (Covariant unitary representations) A triple ( p,U,R ) of a 
Hilbert space R with unitary representations p of G and U of R is called a 
covariant unitary representation if 

UtpigWi 1 = p{a t g ) for g <E G,t G R 

or, equivalently, if the map pu: G x a R —> V(R) defined by 

pu{g,t) := p(g)U t 

is a unitary representation of G y\ a R. We call (G, 17) continuous or smooth if 
the corresponding representation pu of G xi a R is continuous or smooth, respec¬ 
tively. 

Remark 8.2. (Smoothness of covariant representations) A covariant represen¬ 
tation (p, U, R) is continuous if and only if both p and U are continuous. If 
(p, U, R) is smooth, then both p and U are smooth. The converse may not hold 
because the intersection R°°(pu) = R°°(p) C\R°°(U) (cf. Theorem 15. ID may not 
be dense in R. 

Definition 8.3. (Projective covariant representations) A triple (J5,U,R) of a 
Hilbert space R with projective unitary representations p of G and U of R is 
called a covariant projective unitary representation if 

G t p(p)17 t _1 = p(a t g) for g &G,t G R 

or, equivalently, if the map pj7: Gx„U-> PU(H) defined by 

pu(gR) ■=p(g)u t 
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is a projective unitary representation of the semidirect product G x a R. We 
call (p, U, T~L) continuous or smooth if the corresponding projective unitary rep¬ 
resentation of G R is continuous or smooth, respectively. 

Remark 8.4. (Thin. 17131 in covariant context) If (jo, U, T~L) is a smooth covariant 
projective unitary representation, then applying Corollary 14. 5 1 to the projective 
representation pf 7 of G x a R, we obtain a central extension 

T —>• (G xi Q R) # H- G xi„ R 

with a smooth unitary representation p of (G x Q R)$ on T~L that induces both 
p and U. From Proposition 13.41 we see that the restriction of pZ7 to (G xi Q R) 0 
is determined up to unitary equivalence by the derived representation dp of the 
central extension R —>• (g xi£> Q r ) 11 —> 0 xi £> Q r. Theorem 17.31 provides necessary 
and sufficient integrability criteria. 

In view of the importance of the special case R = R, we now describe the Lie 
algebra extensions for this particular situation in more detail. If a is a smooth 
R-action on G with infinitesimal generator D £ der(g), then G xi Q R is a locally 
convex Lie group with Lie algebra g Xd R. We now have (cf. Proposition 16.411 : 

Proposition 8.5. (The case R = R) A ray [if>\ € P(7t) yields a cocycle 
w. 0 : (g xi u R ) 2 —>- R and an isomorphism between (g xi^R)^ and the Lie algebra 

g := (g xi d R)^ =R©^ (g xi d R), (20) 

with Lie bracket 

[(z, x , t), (z', x', t')] = (u)^(x, t; x', t'), [x, x'] + tD(x') - t'D(x), 0) . (21) 

Remark 8.6. (Equivariant sections and cocycles) Suppose that (p, U, T~L) is a 
smooth covariant projective unitary representation of G xi Q R and that U is 
induced by the unitary representation U : R —»• U(7t). Then R acts on the 
central extension G$ by 


a t (g,U) = (a t (g),U t UU t *). 

Assume that is an eigenvector for U and that \: R —> T is the correspond¬ 
ing character, defined by Ut4> = for t £ R. Then [ip\ is fixed under the 

action of R on P {H), and this implies that [i/>] is invariant under every Ut ■ We 
further obtain for 77 £ i / j 1 - and the canonical section ay,: Vp — > % from (fill) the 
following equivariance relation: 

+ v}) =a^{[x{t)i/j + U t g}) = a^([ip + x(t)^U t r]\) = 

= x ^~ 1Ut u + +l\\ = x ^~ 1Uta ^ + 
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This leads with the terminology from Theorem 14.31 to 

u t p^(g)tp = u t a^(p{g)[tp]) = x(t)a^{u t p(g)W) = x(t)^(p( a t(g)M]) 

= X(t)pip(a t {g))ip = pi/,(at(g))Uti/}, 

so that 

UtP^(g) = p^(a t (g))U t for g£U^,t£R. 

For the cocycle /: GxG->T defined by (fTTIl) in Definition 14.21 this leads to 

f(at t (g),a t (h))l = p^iatigh)) -1 p^(a t (g))p 4 ,(a t (h)) 

= Utp^gh)- 1 p^(g)p^(h)U 1 ~ 1 = p^gh)- 1 p^{g)p^(h) = f{g,h) 1. 

We conclude that the restriction of / to the pairs {g,h) £ U ^ with gh £ U is R- 
invariant. It follows in particular that the action of R on T x LG/, CG* = Tx/G 
is given by 

&t(z,g) := ( z,a t (g )), 

and hence that it is smooth on this subset. We conclude that each at is a 
smooth automorphism of G$ and that the action a is smooth on the identity 
component Gq of GK 


9 Admissible derivations 

In Subsection IQ we study 2-cocycles on Lie algebras of the form g Xd R, 
where D is an admissible derivation on a locally convex Lie algebra g. These 
arise naturally in the context of the preceding section. In Subsection 19.21 we 
give some extra information on cocycles that come from representations which 
are either periodic or of positive energy. 

9.1 Admissible derivations 

In this section, we will assume that our derivation is of the following type. 

Definition 9.1. (Admissible derivations) A continuous derivation D of a locally 
convex Lie algebra g is called admissible if Dg C g is a closed subspace and if 
the sequence 


0 —> Ker(D) g -^4 Dg g Coker(D) —> 0 

admits continuous linear splitting maps at Coker(D) and Dg. In other words, we 
require that the surjections D: g — x Dg and q: g —> Coker(D) admit continuous 
sections /: Dg — >• g and a: Coker(D) — >• g, so that g admits the direct sum 
decompositions g ~ Ker(D) © IDg and g ~ Dg © aqg of locally convex vector 
spaces. 
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Proposition 9.2. (Periodic implies admissible) Let g be a complete locally con¬ 
vex complex Lie algebra with a smooth 1-periodic action a: R —t Aut(g) ; i.e., a 
factors through an action of T = R/Z. Let D := fn\t=o a t be the corresponding 
derivation. Then D is admissible. 

Proof. If g k := a t (Q = e 2nlkt £}, then g = ® feeZ 0 fe as the closure of 

a direct sum of locally convex spaces. This yields a direct sum decomposition 
0 = Ker(D) ® Im(D) with Ker(D) = 0 O and the restriction of D to Im(.D) = 

©feez/{o} 0 fc is invertible. □ 

Definition 9.3. (Gauge algebra) Let K be a finite dimensional Lie group with 
Lie algebra t and let P —> M be a principal AT-bundle. Then Ad(P) := P x Ad f 
is a bundle of Lie algebras with typical fibre ?. We define the (compactly sup¬ 
ported) gauge algebra of P to be the locally convex Lie algebra 0 := F c (Ad(P)) 
of compactly supported smooth sections of Ad(P), equipped with the pointwise 
Lie bracket and the canonical locally convex topology. 

Remark 9.4. If P —> M is the trivial bundle, then T c (Ad(P)) ~ 

We will be interested in the situation where P —>• M carries a A'-equivariant 
R-action 7 : R —» Aut(P) with generator v £ T(TP) K . We then obtain a 
smooth 1-parameter family of automorphisms a: R —>• Aut( 0 ), hence a continu¬ 
ous derivation D := ^|t=o a t . Under the isomorphism T(Ad(P)) ~ C°°(P,V) K , 
it is given by Df = L v f. 

If the R-action on P factors through a T-action, then we are in the setting 
of Proposition 19.21 so that D is admissible. The motivating example of an 
admissible derivation, however, is the following (cf. I JN15J U 

Proposition 9.5. (Admissible derivations for gauge groups) Suppose that the 
K-equivariant K -action on P —> M is proper and free on M. Let S := M/M. 
denote the corresponding quotient manifold. Then P ~ Ps x R with Pe —> S 
a principal K-bundle over E. Moreover, the derivations on r c (Ad(P)) and 
r(Ad(P)) defined by D£(j],t) = -^f,(p,t) are admissible. 

Proof. As the R-action is proper and free, M and P are (automatically trivial) 
principal R-bundles over E := M/M and Ps := P/M respectively, hence P ~ 
Pe x R with Pe —> E a principal A'-bundle. The formula for D is clear. 

First, we consider the case 0 := r c (Ad(P)). Let /: 0 —> T(Ad(P)) be 
the integration If{r],t) := J t _ 00 ^(v,T)dT and set /oo(?)(??) := lim^oo I£(r], t). 
Then loo: 0 —> T c (Ad(PE)) is continuous with Ker(/ 00 ) = Dg, hence Dg is 
closed. Furthermore, D is injective on 0 and D o I o D = D , so I\d$ is a 
continuous section of D : 0 —> Dg. Finally, the map Po yields an isomorphism 
Coker(P) —>• V c {Ad(Ps)), so that any bump function ip £ Cf°( R) of integral 1 
yields a continuous section a: Coker(P) -> 0 by cr([£\)(r],t) := l fi(t)I 00 (t;)(ri). 

Secondly, we consider the case 0 := T(Ad(P)). Then D: 0 —>• 0 is surjective 
and the section /: Dg —»• 0 is given by I£(r], t) := / 0 * r)dr. □ 

The requirement that the R-action be either periodic or proper and free 
cannot be dispensed with, as is shown by the following: 
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Example 9.6. (Non-admissible derivation) Let g := C°°(T 2 ,t) with T 2 := 
R 2 /Z 2 the 2-torus with 1-periodic coordinates 9\,9 2 , and let gc be its complex- 
ification. Let D: gc —> gc be the derivation D := dg 1 + rdg 2 with r€l\Q. 
Then Dg is not closed; choose (infinite) sequences {n k , i)fceN and ( n k , 2 )ken of 
integers with \n k ,i + rn k ,2 \ < 2~ 2k . For X £ tc, we set 

x n k ,i,n h '2 := exp (i(n k ,iOi + n k ^9 2 )) ■ 

Then the Fourier series X)fc°=o D (2 fe X nfclinfc2 ) defines a smooth tc-valued func¬ 
tion on the torus which is in Dg, because all the partial sums are in Dg, but 
since 2 k X nk liHk 2 does not converge, it is not in Dg itself. 

Definition 9.7. (Translation invariant cohomology) Recall from Definition l6.2l 
the continuous Chevalley-Eilenberg complex C"(g,R). We denote by H^(g, R) 
the cohomology of the subcomplex C7*(g, M)' D of cochains u> annihilated by D 
under the action 


> £n) : — 'y \ aj(£i,..., D£j,... , f n ). 

i=1 

Proposition 9.8. (Lf 2 (gxi n R, R) vs. Hp(g, R)) If D is an admissible derivation 
of a locally convex Lie algebra g. then we have the following exact sequence: 

o -)• ( (Dg n ra/Dfell))' -±+Hl (g, R) -A H 2 (g x D R, R) 

-X^H\Ker{D),«.). 

Here ct(A) is the class of the D-invariant 2-cocycle (5(A), /?([w]) is the class of 
the cocycle uj((x,t),(y, s)) := ui(x,y), and 7([w]) = (*Dw)|kerD- In particular, 
H 2 (g xix? R, R) ~ iJ^,(g,M) if both g and Ker(D) are topologically perfect. 

Proof. Let w be a continuous 2-cocycle on g xi D R. Define \ '■ 0 * d M^Kby 
X(D) '■= 0 and 


X (0 : = u(D, HZ-aoqf)) for (eg, 

where q, a, D and I are as in the remarks following Definition 19.11 Then w is 
cohomologous to <*/ := w + 8\ which satisfies uj'(D,IDg) = {0} because 

(8 X )(D,IDO = - x ([D,IDf}) = -x(DIDf) = - x (DO = -w{D,IDZ). 

Therefore, the linear functional : g x d R —>• R factors through a map 
7 <y: Ker(D) —> R. It vanishes on [Ker(D), Ker(D)] by the cocycle property 
of uj' , so we obtain a class [ 7 ^/] £ U 1 (Ker(D),R). Since irx5xiKer(D) = 0 for all 
1-chains %, the map oj' (->■ 7 ^/ drops to a map H 2 (g x d R, R) —>■ H 1 (Ker(D), R). 

If [a/] £ kery, then ijju' = 0 because g = kerD © ID g, so that oj' is 
determined by its restriction to g. There, the cocycle property 

uj\[D, X],Y) + oj\X, [D, Y])) = oj'(D, [X, Y\) 
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implies D-invariance of on g. Conversely, any D-invariant 2-cocycle ui 
on g extends trivially to a cocycle u on g x^R. This proves exactness in 

H 2 (q Xd R,R). 

The relation (3{[uj}) = 0 is equivalent to w £ D 2 (g,R) D . Therefore, the kernel 
of /3 is D 2 (g,R) D /.Bf,(g,R), where the upper index D stands for D-invariant 
coboundaries, and the lower index for coboundaries of -D-invariant 1 -chains. 

The coboundary Sip £ B 2 (g, R) is determined by the restriction of ip £ 
C' 1 (g,M) = g' to [g, g], and by the Hahn-Banach Theorem, the correspondence 
between B 2 (g, R) and [g,g]' is bijective. Now Sp £ B |,(g,R) if and only if 
ip £ |g,g ]' satisfies <p(Dg n [g,g]) = {0}, and Sip £ B 2 (g,R) D if and only if 
<p(D[g,g]) = {0}. The quotient D 2 (g, R) D /Df)(g, R) is therefore equal to 

([fl, 0 ]/^[s, s])V([ 0 , s]/(^C > 0 Cl [g, g])' ~ ((T?g n [g, g])/Z?[g, g]^) . □ 

Remark 9.9. (Covariant cocycles for gauge algebras) Suppose that t is a per¬ 
fect Lie algebra and that the equivariant R-action is proper and free on M 
(Proposition 19.51) . Then, for g = T c (Ad(P)), we have 

R 2 (gx D R,R)~Rf,(g,R). 

Indeed, g is topologically perfect because I is perfect QJW131 Prop. 2.4]). Since 
-> E is a smooth principal fibre bundle (cf. Proposition 19.51) . the same 
argument implies that Ker(D) ~ r c (Ad(f\;)) is perfect, so that the statement 
follows from Proposition 19.81 

9.2 Cocycles for positive energy 

Proposition 9.10. (Spectral gap implies D-invariant cocycles) Let D be an 
admissible derivation of g and let (p, TL) be a smooth unitary representation of 
the Lie group G with Lie algebra g = R (g »d R). If Spec(— idp(D)) 7 ^ 
R, then oj is cohomologous to an (automatically D-invariant) cocycle ui' with 
u/(D,g) = {0}. 

Proof. Recall that g = ID g © Ker(D). We have seen in the proof of Propo¬ 
sition Gh 8 ] that w is cohomologous to ui' with o/(D,/Dg) = {0}. Now let 
A' £ Ker(D). Then dp defines a unitary representation of the Heisenberg alge¬ 
bra (RA »flR) © w Rc. If u/(D, X ) 7 ^ 0, then the Stone-von Neumann Theorem 
implies Spec(— idp(D)) = R. □ 

We call a smooth unitary representation p: G —> U (LL) periodic if the cor¬ 
responding R-action factors through R —>• T = R/Z, and of positive energy if 
the spectrum of the Hamilton operator H := —idp(D) is bounded below. Since 
Spec(P) ^ R in either case, we have the following corollary. 

Corollary 9.11. (Periodic/positive energy implies D-invariant cocycles) Sup¬ 
pose that D is an admissible derivation of g and that p: G — » U (' H ) is either a 
positive energy representation or a periodic representation. Then the class [w] 
is in the image of the map /3: Hf, (g, R) —» H 2 (g R, R) of Proposition 19.81 
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For periodic representations and positive energy representations of G with 
an admissible derivation, we may thus assume wd.o.g. that the cocycle w is 
D -invariant and that iuw = 0. 

Example 9.12. (Translation invariant cocycles for abelian gauge algebras) If, 
in the context of Deffihtion l9.3l K is abelian, then g is the LF-space r c (Ad(P)) = 
with the trivial Lie bracket, so cocycles on g are skew symmetric t- 
valued distributions on M x M. By Corollarv l9.Hl every cocycle on g xjjR that 
is derived from a periodic or positive energy representation, is cohomologous to 
one that satisfies icw = 0, hence given (modulo coboundaries) by a D-invariant 
skew-symmetric t-valued distribution on M x M. 


10 Applications 

Finally, let us mention a few examples of locally convex Lie groups that serve to 
illustrate the theory developed so far. In Subsection llO.il we consider abelian 
Lie groups, whose central extensions are related to Heisenberg groups. In Sub¬ 
section [TO21 we consider the group Diff(S 1 )+ of orientation preserving diffeo- 
morphisms of the circle, whose central extensions are related to the Virasoro 
algebra. Finally, in Subsection 110.31 we investigate twisted loop groups, whose 
central extensions are related to affine Kac-Moody algebras. 

10.1 Abelian Lie groups 

If V is a locally convex vector space, then (V) +) is an abelian locally convex 
Lie group. The central extensions of the abelian Lie algebra V correspond 
to continuous skew-symmetric bilinear forms u: V x V —>• R. Each of these 
integrates to a group extension: 

Definition 10.1. (Heisenberg groups) If w is a continuous skew-symmetric 
bilinear form on a locally convex vector space V, then the group T x u V with 
product 

(z, v)(z', v') = [zz’ exp(^zw(i;, v')), v + v') 
is a locally convex Lie group whose Lie algebra is R V with bracket 

(■ z,v)(z',v ') = (u>(v,v'),0). 

If uj is non-degenerate, then Tx u b is called a Heisenberg group , and R® w V a 
Heisenberg-Lie algebra. 

Every central T-extension of (V, +) is isomorphic to T x^ V for some con¬ 
tinuous skew-symmetric bilinear form u> on V, and the central T-extensions 
Tx u b and T V are isomorphic if and only if ui = u/ ( [Ne02 . Thm. 7.12]). 
The smooth characters x : V —t T of the group (V, +) are all of the form 
x(v) = exp (i<p(v)) for a continuous linear functional tp: V —► R. 
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Corollary 14.51 now implies that, for every smooth projective unitary repre¬ 
sentation (p, H) of (V, +), there exists a uniquely determined continuous skew- 
symmetric bilinear form w on V such that p is induced by a smooth unitary 
representation (p, H.) of T V. By Proposition 03 two representations (p, TL) 
and (p', H 1 ) of T x u V give rise to equivalent projective representations of (F, +) 
if and only if there exists a unitary transformation U : H —y TL' and a continuous 
functional <p £ V' such that p'(z,v) = exp(iip(v))Up(z, u)t/ _1 . 

This allows us to reduce the classification of smooth projective factor rep¬ 
resentations of (V, +) to the the classification of smooth unitary factor repre¬ 
sentations of the Heisenberg group. Indeed, let (p, TL) be a smooth factor rep¬ 
resentation of T V. The closed subspace K := Ker(ca) = {v £ V ; i v ui = 0} 
is central in T x w V, so that the requirement that p be a factor representa¬ 
tion, p(V)' (~l p(V)" = Cl, implies that p \k is given by a smooth character 
X- K —>■ T. Writing %(fc) = exp (iip(k)) and extending the continuous functional 
<p: K —> R. to V (this is possible by the Hahn-Banach Theorem), we obtain 
a smooth character y: V —> T such that y -1 • p is trivial on K. hence factors 
through a representation of the locally convex Lie group Tx u (V/K). Since I< 
is closed, V/K is a locally convex Hausdorff space, and if V is barrelled, then 
so is V/K. However, unless V is Frechet, completeness of V does not imply 
completeness of V/K f [Kofi91 §31.6]), so at this point, we are making essential 
use of our rather wide definition of a locally convex Lie group, which does not 
assume completeness of the model space. 

Proposition 10.2. (Projective [V. +)-rep’s come from linear Heisenberg rep’s) 
A smooth projective factor representation of (V, +) is given by a continuous 
skew-symmetric bilinear form uj on V , together with a smooth unitary factor 
representation (p, ji) of the Heisenberg group T x w V/(Ker(co)) with p{z) = z 1. 
Two such representations (p,TL) and (pf,%') give rise to equivalent projective 
representations of (P, +) if and only if ui = <*/ and p(z, v) = e llfi ^Up(z , u)!/^ 1 
for a unitary transformation U: TL —> H' and a continuous linear functional 
<p € (V/(Ker u)) 1 . 

Switching from V to V/K and from p to p if necessary, we may assume that 
(p, H) is a smooth representation of a Heisenberg group T V. By Proposition 
16.61 a smooth vector if £ H 00 defines a non-degenerate continuous sesquilinear 
form = (dp(£)if,d.p(r])if) on Vc with u = — In order to obtain 

the above equality, one has to require that (ip, d p(f/)ip) vanishes for f £ g, which 
can be achieved by twisting with <p(£) := i(ip, dp(f)ip). 

Proposition 10.3. (Characterisation of the relevant Heisenberg groups) A 
Heisenberg group T x^V possesses a smooth unitary representation (p, TL) with 
p(z) = z 1 if and only if there exists a Hermitian inner product H on Vc such 
that uj = —21m (H). 

Proof. That existence of such an H is necessary follows from the above. To see 
that it is sufficient, we note that the function 

f:Tx u V^C, f(z,v) = ze~^ v ’ v \ 
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is positive definite and leads to the quasi-free cyclic representation (p,77,B) 
(cf. Pe901 Thm. 3.4]) with vacuum Q G H 00 satisfying (12, d ph(£)£1) = 0 and 
(djPf/(£)f2, dpH(r])0.) = (see e.g. [Pe901 Thm. 3.8], which draws heavily 

from jMV68) ). □ 

This completely reduces the theory of smooth projective unitary representa¬ 
tions of (V, +) to the theory of smooth unitary representations of the Heisenberg 
groups T x u V with u = —21m H and p(z) = zl, or equivalently, if V is bar¬ 
relled, to regular unitary representations (ir, W) of the Heisenberg- Lie algebra 
R©u>U with 7r(l, 0) = 27 t* 1. If V is finite dimensional, then by the von Neumann 
Uniqueness Theorem |vN31| . the Heisenberg group admits a single irreducible 
unitary representation with p(z) = zl. If V is infinite dimensional, there exist 
many interesting irreducible and factor representations besides the familiar Fock 
representations |MV681 IDV711ID711 IHo821 IPe90] . Among these are the type III 
Araki-Woods factor representations, which model equilibrium states at positive 
temperature in a free non-relativistic Bose gas AW (i.l . 

10.2 The Virasoro group 

The group Diff(S 1 )+ of orientation preserving diffeomorphisms of the circle is 
a connected locally convex Lie group with Lie algebra Vec(S 1 ) lHa82l . Its uni¬ 
versal cover G := Diff(5 1 ) + can be described as 

G = {p G C°°(M, K) : (Vi G R) p(t + 2ir) = p(t) + 27rand ip'(t) > 0} , 

and 7r 1 (Diff (S 1 )) ~ Z is realised inside G as the subgroup of functions of the form 
<p n (t) = t + 2nn. The universal central extension of G is G = R Xg Diff(5' 1 ) + , 
where B is the globally defined Bott cocycle, 

1 r 2 ' K 

:= - J ^ log((^o^i) )dlog(V»), 

and the induced product is (ip, a){ip, b) = (ip o i/j,a + b + B(p, ip)) lBo77l . Note 
that 7Ti(Diff(5' 1 ) + ) ~ Z is central in G because B{ ■, p n ) = B(tp n , •) = 0. 

Its Lie algebra is the Virasoro algebra Vir := R ©„ Vec(5' 1 ), where ui is the 
Gel’fand-Fuks cocycle 

i f 2n 

uj^dur/dt) = -- J {t'ri" - v'£")dt 

(see IKW091 Ch. II, § 2]). Since G is contractible, every Lie algebra cocycle w 
integrates to the group level ( fNe02] Thm. 7.12]). If w is cohomologous to cwi 
with c 0, then the corresponding group extension T —> G^ —> G is isomorphic 
to the quotient of G by the central subgroup cZ C R. 

From Theorem 17.31 Ah we then obtain that smooth projective unitary rep¬ 
resentations (p, H) of G correspond to smooth unitary representations (p, H) of 
G with p((t, 0)) = e 2mct l for some cel. It comes from a projective Diff (S' 1 ) + - 
representation if and only if p(pi) = yl G Tl. Since R x 7Ti(Diff(5 1 )) is central 


42 






















in G, such pairs (c, 7 ) automatically exist if p is an irreducible or, more gen¬ 
erally, factor representation of G. By Theorem I7.3I C. one can alternatively 
characterise the smooth projective unitary representations of G as the regular 
representations ( 7 r, V") of Vir with 7 r(l, 0) = 2ttic1. See IGK08611KR871 iL 88 | for 
the Lie algebra and |GW851 ITL991 ISe 8 H INS14J for the group representations. 

10.3 Loop groups 

Let K be a compact simple Lie group with Lie algebra t, and let a be an 
automorphism of K of finite order N. We denote the corresponding Lie algebra 
automorphism by the same letter, and assume that it comes from a diagram 
automorphism of t f |Ka900 . Then the (twisted) loop group 

C a (K) := {/ G C°° (R, K) : (Vi G R) f(t+ 1) = <r"7(t)} 

is a Frechet-Lie group [NW091 App. A], Its Lie algebra is the (twisted) loop 
algebra 

C a {l) :={£GC°°(R,I) : (Vi G R) £(i + 1) = cr" 1 ^)} . 

It comes with a canonical 1-parameter group T : M —>• Aut(£ CT (A')) of trans¬ 
lations defined by T r (f)(t) := f(t + r). The corresponding derivation D = d t 
of C c j(t) is admissible by Proposition 19.21 because T is periodic. 

We are interested in smooth covariant projective unitary representations 
(p, U, H) of the pair (C a (K), R). The first step is to determine the relevant group 
extensions. Note that H 2 (C a (t) R,R) is isomorphic to H 2 (C„ (t), R )d ■ This 
follows from Proposition 19.81 because both C a {t) and Ker(D) are topologically 
perfect; the former by (JW131 Prop. 2.4], and the latter because Ker(£>) is the 
fixed point Lie algebra 6 CT , which is compact semisimple, hence perfect, by (He781 
Ch. X, Thm. 5.15]. Since H 2 (£ a (£), R) is 1-dimensional, and its generator [wi] 
possesses a translation invariant representative (cf. [] Ka901 Ch. 7, 8 ]) 

1 r N 

where k is a suitably normalized invariant symmetric bilinear form on I, it is 
isomorphic to H 2 (C a (£), R)r>. The Lie algebra extension C a (t) —> corre¬ 

sponding to the class c[u> 1 ] for c / 0 is called the extension at level c. (For 
different values of c ^ 0, the Lie algebras £ CT (t) are isomorphic, but the cen¬ 
tral extensions are not.) It integrates to a group extension G c —>• C a (K)o if 
and only if c G Z. These extensions have their origins in the Wess-Zumino- 
Novikov-Witten model ]Wi841 IPi 8 f)] . Since the time translation is periodic, it 
has an eigenvector, so jlemark 18.61 applies and the 1 -parameter group of auto¬ 
morphisms extends to G c . In combination with Theorem l7.3l A. we now find that 
equivariant smooth projective unitary representations (p, U,H) of (C a (K)o, R) 
correspond to equivariant smooth unitary representations (p, U, W) of (G C ,R) 
with p(z) = zl for 2 G T. 
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Unfortunately, unlike in the Virasoro case, the extension G c C a (K) 0 is 
nontrivial as a principal T-bundle, which makes its construction less explicit and 
rather more complicated IKW09j . We therefore turn to part C of Theorem 17.31 
which translates the projective unitary representations of the group G c R 
to regular unitary representations of the more tractable Lie algebra 

C„{1) :=4(«) XfcR, 

the completed affine Kac-Moody algebra. 

In order to apply Theorem I7.3I C. we need 1-connected Lie groups. Al¬ 
though we can always go to the universal cover of C a (K)o and argue as in 
Subsection 110.21 the following proposition shows that this is not necessary in 
the important special case when I\ is 1-connected. 

Proposition 10.4. (Topology of twisted loop groups) If K is simply connected 
(1-connected), then so are the groups C a (K) and C a (K) R. 

Proof. Since R is contractible, it suffices to consider C a (K). The evaluation in 
zero, evo: C a (K) —> K , is a smooth Lie group extension whose image K M is 
an open subgroup of K , and whose kernel satisfies 7ri(Ker(ev 0 )) ~ 7r 2 (A') = {1} 
(NW091 §3]. It follows that if AT is simply connected, then tti(K M) and 
are trivial, so that the long homotopy sequence 

■ • • -t 7Ti(Ker(evo)) -t ni(C a (K)) -»• 7Ti(A' [crl ) 

implies iri(£ a (K)) = {0}. If K is 1-connected, then a similar line of reasoning 
implies that C a {K) is 1-connected (cf. INW091 Rk. 3.6.A]). □ 

It follows that if K is 1-connected, then smooth equivariant projective uni¬ 
tary representations (p, 11,11) of (C a (K),M.) correspond to regular unitary rep¬ 
resentations ( 7 r, V) of the completed affine Kac-Moody algebra C a (t) at integral 
level c, that is, with 7r(l) = cl for some c€Z. 

See [Se8U 1PS861 for the positive energy representations of G c , and [Ka80l 
lKa90| for the (corresponding) highest weight representations of g c (in the alge¬ 
braic context). 
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